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A practical design method for highly-loaded blades in an isolated
cascade,is presented in this thesis.™> The flow is assumed to be
incompressible and inviscid. The upstream inlet flow condition is taken
to be uniform. The Present, goals of this research are to provide a
practical numerical code for the design problem, and a non-linear theory
which can be easily expanded to three-dimensions. The theory is based in
part on the Clebsh formulation. The blade profile is determined i
iteratively through the blade boundary conditions using a "smoothing"
technique. A practical numerical code is presented for the design problem
using "partial smoothind‘. The program gives very fast convergence
solutions with satisfactory accuracy for practical solidity range.
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Chapter 1 : Introduction i

This thesis presents a technique for solving the design problem (the i

inverse problem) for highly loaded blades in an isolated cascade. In the

the upstream inlet flow condition is assumed to be uniform.

present study, the flow is treated as if it were incompressible and inviscid, and _j
q
]

Historically, there have been several approaches to the design problem.
In one approach, for example, the velocity distributions on both surfaces of the )
 _ —
& blade are specified, and the resulting blade shape is calculated. The advantage ~___d1

| of this technique is that the designer can prescribe surface pressure

distributions which minimize the chance of flow separation. However, the

resulting blade geometry is not guaranteed to have a realistic configuration:

. the blade may be wavy, or even have negative thickness.

- In a second approach, the velocity distribution on one surface and the
? profile thickness distribution are specified, and the resulting blade shape is
h calculated.  This formulation does not guarantee obtaining an acceptable
. pressure distribution on the second blade surface. Moreover, the resulting
loading distribution may not be structurally favorable: for example, the
': loading may be maximum where the blade is thinnest.

. In a third approach, the loading and thickness (or 'blockage’) distributions
. are specified, and the resulting blade shape is calculated. This formulation
- does not guarantee giving acceptable pressure distributions on either of the
; blade surfaces, but the resulting blade shape can be guaranteed to be at least
structurally sound.
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In applying classical aerodynamics methods to these problems, the
presence of the blades and their effects on the flow can be modeled by
distributing singularities (vortices, sources and sinks) on the blade camber or
blade surfaces. Lewis [1] carried out the design problem using the first two
approaches mentioned above. His analysis is based on Martensen’'s method [2]:
vortices are distributed on each of the blade surfaces, and the induced flow

field in the cascade plane is calculated using the Biot-Savart law.

Kashiwabara [3] carried out the design problem using the first of the
above approaches by arranging vortices, sources and sinks along the blade
camber. This theory also attempts to take into account some three-
dimensional effects, and can be used for designing blades in axial, mixed and

radial turbomachines.

These design theories, based in part on the Biot-Savart law, are simple
for cascade calculation only. Until recently [4], only linearized theories have

been developed to design three-dimensional blades [5], [6].

One goal of the present project is to provide a practical numerical code
for the design problem which can give good accuracy and fast convergence
solutions. An equally important goal is to provide a non-linear theory which
can be practically expanded to three-dimensions. The present theory is based
in part on the Clebsh formulation which has been successfully investigated by
Tan, Wang, Hawthorne and McCune [4] in their study of a three-dimensionel

design method for highly-loaded but infinitely thin blades.

In the present study, the blade profile is determined iteratively through
the blade boundary conditions using a "smoothing” technique: the velocity

potential is expressed in a series of “smoothing” functions developed by

I I} Y ot c'-"-‘-"'- et
L '
2 AJA..". PRI I U SRCINY,




T ol TW Yy W T ey s AN AR S A=A Ainal Nl S AL A - SoMERE ™ ar oS S - A - A - MY T P i ol i i abh S S S ardhas

-14-
McCune [Appendix C]. The ”smoothing” technique represents an asymptotic
expansion (in the blade spacing) of the Green's function for blade rows, and

can be applied in both 2D and 3D.

In the first example, the blades are assumed to be infinitely thin (the
'Zero-Thickness’ problem) to show the power of the ”smoothing” technique:
the blade shape is solved iteratively through a set of algebriac equations. The

results compare very well with the ”exact” method [4]. Then, a similar

approach is used to solve the inverse problem (in the third formulation,

outlined above) for high swirl blades having prescribed finite thickness (the

.
[
.

o
S §
- 'r‘x"i. :

'Finite-Thickness’ problem). A set of numerical examples are presented, which
in part use “partial smoothing”, i.e. a practical truncation of the smoothing

series. Blades shapes with prescribed thickness (or blockage) distributions are

. "L .
' 1. %

. A
g AT
A et

obtained for prescribed swirl schedules or loading distributions. To confirm

the results a ‘direct’ method , developed by McFarland [10], is used to ;{‘_J
compute both the circulation and the pressure coefficients on the blade *-
obtained from the indirect method. The results show that the blade does in -‘
fact produce the desired circulation and loading distribution. Moreover, the kﬂ
pressure distributions on each surface agree well, at least away from the :
lgading and trailing edges. .Q

Finally, a practical design procedure is presented which allows for rapid

exploration of various blade loading and thickness distributions, so as to be

able to select favorable individual-surface pressure distributions as well.
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Chapter 2 : Theoretical approach

2.1 Cascade geometry

CASCADE GEOMETRY

Y - AXIS
®
-

Vi-co) T(X)
4@‘/ “r L J ‘F(X?

V(+o0)

1
[
‘-O [ H] 8.2 0.2 Oov 3.9 L) [ 14 8.0 Qe

The cascade geometry is shown in the above figure.
is from left to right. All lengths are non-dimensionalized

length.

The blade camber lines are located at:

The flow direction

to the axial chord

:
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where n = 0123, ..
A = spacing between blade cambers
-F = location of the camber line n = 0
If we define o¢ as
X = Yy - -F (X)
then blade cambers lie on surfaces of X = w4 n -0,%|,22 .
Consider the blade located at n =0 . The blockage distribution

T(X) is defined such that:

- the blade upper surface is located at j = -’:(_’() + T(X)
- the blade lower surface is located at ‘1) = ‘f(x) - T (X)

Physically, 2.7—()() can be interpreted as the axial blockage
distribution. We note that T(X) is not the blade thickness as defined in
classical aerodynamics, where the thickness is defined as the perpendicular

distance from the blade camber to the blade surface.

The far upstream flow condition is assumed to be uniform. All velocities
are pon-dimensionalized to the upstream inlet x-component velocity. The inlet

flow angle is denoted by o |- Likewise, the outlet flow angle is denoted by
&, .

- S . . e A w7 . T '-_A' "-"_.\ .-"_n. .--.‘ I .
et . LI CaT e
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2.2 Fluid mechanics background

As mentioned in the introduction, we have chosen to model the presence
of the blade shape by distributing singularities on the blade camber. In this
section, we will derive the governing equation for the velocity field in the
"Zero-Thickness” problem. In chapter 4, we will extend this theory to the

“Finite-Thickness” problem.

In the case of infinitely thin blades, the presence of each blade is
modeled by arranging vortices along the blade camber. In the design problem
the swirl schedule -\7;’,()() is given. It can be shown that the swirl schedule
is proportional to the pressure difference (i.e. the loading) accross the blade
[Appendix A].

The velocity is divided into two parts: an average velocity :\Z(x) ,

~
and a perturbed velocity Ar (X,y) , Le

v(Xy) = Y(X) + §(X»u) (2.2-1)

where the average velocity is here taken to be the pitch average defined by:

{+4
V) = ,s—f+ Y (4 y) dy

and thus, by the definition of equation (2.2-1), we must have

{+4
~
f TMy)dy = O
: . ~ :
The above equation suggests that if we are to represent o> as a series

of smooth functions, perhaps we should choose functions which possess this

Lt . , 5.
. i h «
S SO0

.‘4,
ala A'AA'
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zero pitch average property. In chapter 3, we will show that the "smoothing”

~
functions used to represent g possess this property.

Consider the vorticity field. Given the assumption of incompressible,
inviscid and uniform inlet condition, then by Kelvin's theorem, the vortices
must lie on the blade camber, and the flow must be irrotational everywhere
else.

It can be shown that the vorticity is related to the blade surface
& and the y-component of the pitch average velocity :\7(’() by {Appendix
BJ:

N (X)y) = 4 gp(u) [V« X VG—J
where SP (x) is the "periodic delta” function [Appendix Bj

Further, G (’X\ = - -\ZJ (X)

The pitch average vorticity ..l:}'. is defined as:

— I e At
o (x) 2 — £ (x,9) dy

‘F (2.2-3)
= VK x VG

The vorticity "/}.' is defined as:

2 (y) = B () + & (X,9)

and thus, the perturbed vorticity -.Lh\’- s
~
Q- (X)y) = [/sg,,(x) - l] Vx x V&
= Vs&) x V& (2.2-4)

where S(a() is the "sawtooth” function [Appendix B].
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- We are now in the position to write down the governing equation for the
F velocity field y . From equation (2.2-4), we can write

Vx o = VS x V& (2.2-5)

The Clebsh formulation says that, to satisfy (2.2-5), write the perturbed

velocity AE'J as the sum of a potential part and a rotational part:

(2.2-6)

~ ~;
Tx,q) = VExy) + s&)VEX)

~
Note that the curl of A’; gives ..Q.. back.

~
If the flow is incompressible, then Vc =0=VW. V = V-g Thus,

from equation (2.2-6),
T By = - V. (SV6)
- _VS.Ve - sV 227

Y
This gives a Poisson equation to be solved for ¢ with appropriate

boundary conditions (e.g. on the blades).

Finally, the velocity field in the cascade region is of the form:

Viay) = Vix) + [Vé(x,v) + 56) V6 )] (22
In the design problem, Y is given and we seek the solution for
\.{ which satisfies all necessary boundary conditions. In chapter 3, we
present a design method for infinitely thin blades using the above theory. In
chapter 4, we present a design method for blades having finite thickness based
in part on the above approach. In this case, the gap average velocity is given

instead of the pitch average velocity, and the above theory needs to be

modified.

« ' m S m
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Chapter 3 : The ’Zero-Thickness’ problem

-y L' et Lt L'_,.‘.."’
BV ] AN

le s

The ”Zero-Thickness” problem refers to the design problem of infinitely

thin blades. The blades are represented by a distributed bound vorticity
which is related to the y-component of the pitch average velocity by equation

(2.2-2). We seek the velocity field which must satisfy equation (2.2-8) in the

"'-A-L.AA;l '..: ;', .'

cascade region and appropriate boundary conditions. The blade camber lines
are solved iteratively using the blade boundary conditions. The flow is

assumed to be incompressible and inviscid. The upstream flow condition is

Yo

assumed to be uniform.

,.

3.1 Flow regions

The flow field is divided into three regions (figure 1).

(1) Region 1

Region 1 is defined in the interval — o0 < X < 0. In this region,

the flow is irrotational everywhere. We may write

Yotiyg) = Vo) + 2(0y) -

',‘}4 (XI‘J) = v%q (xrﬁ)

where V (— ao) is the inlet flow condition.
~N

The boundary conditions in this region are:
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- far upstream, VQL = O

- at the leading edge, y = V.

(2) Region 2

Region 2 is defined in the interval 0 < X < 1.

flow is rotational and must satisfy equation (2.2-8), i.e.

.Yz(—x".)) = E/:(X) + :g-z. (X:B)
g’z (x,y) = V;X(Y,‘)) + 5(")V€'(x)

where V (x) is the prescribed pitch average velocity.

The boundary conditions in this region are:

- matching conditions at the leading and trailing edges

- no flow-through conditions at the blade surfaces

(3) Region 3

Region 3 is defined in the interval 1 < X < + 20

the flow is irrotational. We may write

V; (x,9) = Y(—no) + é,(r,n,)

'E’}(x;"]) = V%,(x.\o)

where V(+ ao) is the outlet flow condition.
[, %4

The boundary condtions in this region are:

In this region, the

(3.1-2)

In this region,

(3.1-3)

..........................
..........................
.............
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f" - far downstream, V%, =0

1 - at the trailing edge, yz = \!3

3.2 Solution of the velocity field

In this section, we present our method of solving the velocity fields in

the three regions. At the same time, we try to give reasons for our choice of

such a method.

N/ .
The solution for the perturbed velocities oA are assumed to be of the -

form of series of smooth functions: Fourier series and ”"smoothing” series

[Appendix C]. In choosing these series solutions, we note that by our

definitions of 4\.{ , equation (2.2-1), we must satisfy the condition of zero - ]
pitch average for A} . One way of satisfying this condition is to choose
functions in the series having zero pitch average. This is one of the property
of "smoothing” functions. In addition, these "smoothing” functions have other

'_3 properties which are ideal for our applications, i.e.

1. they are periodic in the y-direction. Thus, they can be used to
¢ represent the periodicity of the velocity field in the cascade.

to

they are derivatives and integrals of one another. This is a useful
property for analysis purpose.

. n .
[ 3. they are proportional to A , where n = 1,23,.. . This
property is desired in the case of highly-loaded blade where the
solidity is high (or A is less than 1).

4. they have amplitudes which decrease very fast with increasing
¢ order "smoothing” functions. Because of this property, very few
) terms in the smoothing series are needed to represent a smooth
function while high accuracy can still be achieved.
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In the case of infinitely thin blades, we expand part of the velocity
potential é in region 2 as a series of these “smoothing” functions. This is
the “smoothing” technique. It turns out that by using this technique, the

expressions for the velocity fields are very simple to compute.

~
Refer to equation (3.1-2), we assume the velocity potential ¢’ in region

2 of the form

Bxig) = Bi,9) + £ (x9)

where 55 (’(,j) = A(X) T(<) + 5()() T)+ C(x)KEK) + -«

(3.2-1)

The coefficients A(x) , B(x) , C(X) , ... are chosen such that the blade
boundary conditions are satisfied. This form gives és to have zero pitch
average and curl free.

The "homogeneous part” of the velocity potential %2_ is chosen so as
to satisfy Vbi" = 0, to have zero pitch average, and to match the

velocities at the leading and trailing edges with those in regions 1 and 3.

The velocity field in the cascade region can then be written as

V — ~ (3.2-2)
Ja(hy) = V() +|5&)x) +98 (x,9) + 7",(::,7)]
3.2.1 Smoothing series

For incompressible, continuity requires

V.V = o (3.2-3)
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but V,( = 1 (by continuity of the pitch average flow), and equation (3.2-3)

implies § '__4
V. & = (@ (3.2-4)
or V‘%s = - V. (SVG’) -g

Now, from equation (3.2-1), we can write

V’&s = - A0+ S@) [AVX + 2 VA Ux s/m‘]

+ I(x)[VzA + BV +29B.Vx +CIVxlj
+ T [V'8 + CU% + 20C.W + 2wl

To satisfy (3.2-4), we choose

AVl = - Vx. V&
BIW| = - (V'G + 2VA.Vx + AlVx)*)

ClV)"z - (VA + 2V8.Vx + BITk]")

L]
.

(3.2-5)

and the pattern for all the coefficients is apparent.
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3.2:2 Matching conditions
o N ?ﬁ
As mentioned earlier, the velocity potentials hn 4  are used solely S

to satisfy the far upstream and far downstream flow conditions, and the

1

Lt . t’
el b

matching conditions of the velocities at the leading and trailing edges. We

have chosen %m / A  to satisfy Laplace equation: therefore

we assume hn /A of the forms: 'j
-

7;;4 (’([’) = Z Aq, < e 3
az=i

& + ~Aalx) - =Anlx-1] il p
7,.0(.5):2(5."« + B, e ) 9
ne=l X

= -)ﬂ\lx"'l 2-1.. ’
'727 (x,9) ="Z=' Co e < J | X

/
These assumed forms for %’” A satisfy

P

- Laplace equation

- The far upstream and far downstream flow conditions

- The periodicity condition in the y-direction of the flow field

+ -
w ° B, and Cn  are

determined using the matching conditions of the velocities at the leading and

r. - The unknowns coefficients, 4, , B

trailing edges:
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le (X:O, 5)

V'b (X=9,4) = Vzg (x=0,y)

VZ.X (x =0, 5)

(3.2-6)
V:.x (X:l,v) = V;x (X:l, Y )
V‘t) (X=1,y) = V“’J X=1,9)
Now, the velocities in the three regions are the following.
For region 1,
~Y4 = X("w) + V%“
For region 2,
Vo = Y(’” + Ve
+ S@) (V& + AVx)
(3.2-7)

+ I) (VA + 8Vx)

+ T(x) (VB + CVx)
For region 3, )

V; = :\Z(-a-ao) + Vﬁ}

LY

The “sawtooth” function S(<) has a finite jump across any constant
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oK lines. At the leading and trailing edges, we assume that the flow comes

and leaves smoothly (zero-incidence and Kutta conditions respectively). Thus,

“t
_".u‘_ -

from (3.2-7), we require at X = 0 and X =1,
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(VG' + AV&() = O

A(X:‘-O,')
G-,(x-:ol')

(3.2-8)
@)

\

From equation (3.2-5), by choosing a loading distribution with the condition

/
& (X =0, l) = 0, we automatically satisfy the condition
A (X = O) | ) = 0.
Substituting equation (3.2-7) into equation (3.2-6) using equation (3.2-8),

we can show that, in region 2

(ﬂ,_(%v)—zz

+:20 wn=zl

- Anlx-%(

+ (B@')sm. o g4 - 0 le)- st el o -]
(C(l')cas An 7 7((4-)] -1 [6 &) - C(")f(t)} sind,, [‘J -f@?])

(3.2-9)

where /\ 271N
A

=
)

3.2.3 Blade boundary conditions

The blade boundary conditions are used to generate the blade camber.

By adding the blade boundary conditions together, we obtain

........
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<V>. Vx = O

A

(3.2-10)

Define
/Y,
fo = =
Vs
Then, 'Fo represents the meam streamline.
If we define the blade camber line as
-f = -fo + af

then, we can show that equation (3.2-10) is a perfect derivative in

Af and reduces to

Af() = -T0)(6IAf) - k(@) (&-cF) - ...

2 - AalX-t]

nz| Aa

[\/]..

t

"
Lo ]

[(-a)t 8(+) - ;T‘,, [B?t)_ C(é)f’(f)J ---] cool.[-f-(*‘-f(ﬂ]

t
+ [Ker-serpten] + Ve ... ] sin [f0- 1]
(3.2-11)

3.3 Iteration process for the blade camber line

We are now in the position to compute the blade shape using equation

(3.2-11). We call this equation the "camber generator”. The beauty of the

..............
R )
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"smoothing” technique is that the blade shape and the velocity field can be

obtained by solving a set of algebriac equations, i.e. equations (3.2-5) and

(3.2-11):
/_7/ ~
A(x) = .fG
(""‘f"’)
B(X) - — G',/ + Z.A/-'F/ + A"F_,i
(1+4)
~A" + 284"+ 84"
Cl*‘F"-)

L (3.3-1)

$(x) = f.x) + af) (3.3-2)

Thus, we have (n+1) equations and (n+1) unknowns. The (n+1)
unknowns are: n coefficients in the smoothing series : A(X), B(x) ,

< () .., plus the blade camber line F(xY) .

We choose to solve the blade camber line by an iteration process. We
expect that the blade camber line -F is not very different from the mean
streamline ‘fo , especially in the case where the spacing A is small. Thus
we can use —f° as the initial guess for -f and go through the following

iteration process:

1. Compute A, B , C , .. (with the guessing value of
7C as f; at the first iteration) using equations (3.3-1)
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2. Update -f by solving equation (3.3-2)

3. Go back to step 1 to update A B , C , T
with the new value of £ computed Iin step 2. ’
Continue this process until convergence in -f- is achieved.

The whole flow field and the pressure coefficients at the blade surfaces

can be computed using equations (3.2-7) and Bernoulli’'s equations.

3.4 "Partial smoothing”

The proposed iteration process for the camber line in section 3.3 shows
that we can get infinite accuracy for ‘F by keeping an infinite number of
terms in the smoothing series. From the engineering point of view, however,
we want to take the least number of terms in the smoothing series for a given
required accuracy criteria. “Partial smoothing” refers to the truncation of the

smoothing series.

In the inverse poblem, we are most interested in three quantities: the

blade camber line and the pressure coefficients at the blade upper and lower
/

surfaces. Since -f ~o V , we see that -’: has the same order of accuracy

3 .
as ¢ . Similarly, since CF ~ V , we see that CP also has the same

order of accuracy as ¢ . We now construct a table showing the truncation

errors in 1(: and Cr as a function of the number of terms used in the
,
smoothing series ¢ .
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R

Number of terms kept Truncation ]

in the smoothing series errors 'q

2 | K (o) =

- é

4 M (o) 3

-

3.5 Numerical method i1

As an example of the design problem, we write a program to compute

the blade camber line by keeping two terms in the smoothing series. In this ~!
o~

case, the smoothing series ¢ is of the form:

& (x,9) = A)I(x) + B(<)Tx)

Let's investigate the order of magnitude of the truncation error in

f when the above ”partial smoothing” form is used. From -equation

(3.2-11), we see that the truncation error in -f is of the order of K(O) )

or [Appendix CJ:

A% =

error in f(x) N — 2

720 .::\“

‘e

Therefore, for the above example, the truncation error in -F is about three =7
orders of magnitude less than A‘* . By keeping only two terms in j.'::‘_::
the smoothing series, we can still maintain very high accuracy (accurate to -'.'
. . . . . . ]

L0014 4“' ). Moreover, the numerical calculation is very simple. Given the ==
loading distribution V_\’ (x) as an analytical form, the blade camber can be
calculated through a set of algebriac equation. No numerical technique is \
.. . e

needed to compute derivatives or integrals. 3
~

N
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The iteration process for -f involves calculating the following '_
|

parameters: :
1. Guess -f: and its derivatives as:
"

f0) = £.0) + ;éz..(e’.A{)

-f/(x\ = -f:(i)
F00) = £200)

B . Vot
S . . .

v v »
for simplicity, we set -f (x¥) = '{’. () through out the ]
iteration process :
Compute —d

/7 e
A(x) = 1€
( ‘++/‘b)

(t /W v_, A
‘i = L)€ +467)- 24 L76
A(X)— (l"'f”')b k4
50 - 6”4 Zj/t‘\/-;- A‘f”

(1+4*)
Update

£/6) = foe) « Ii;(é"- AE- Af") -i(ﬁwu)

..........




-f(a() = f, (¥) + if (@’_ A.)(’) - FSuM

where

- nlx-t!

Fsum Z Z % (1) BE) cas An [£6) -§0)]

tz20 n=)

N ue o 20 o
2 K ‘
. .

+ [A’a.), B({-),f/(é):l,sin An [-F(x)-.{.(&-)]

Y W Y

4. Go back to step 2 and repeat the calculations until convergence in N
- .f is achieved. )
_ The convergence criteria used in the calculation is, at each location ;1
. 5
_ . Xi , 1
nel n 3
P + ) - -f(x;) < ERROR ]
2 -
L ’ i.e. if the difference between the present value of —F and the previous value -
of —7( at all locations X; is less than ERROR (the convergence criteria),
.. -
L._ then convergence in ./L is achieved. ) _d
‘._';..‘ B
= 5
= 3.4 Numerical results 2
o -
. 3
Numerical results shows that comvergence in -F can be achieved fast, :‘;1
;. depending on the spacing to chord ratio 4 . In this section, we present a .
-
{ numerical example. The results are compared with the "exact” solution (using
- the Biot-Savart law) [4).
o A
b

....................
............

....................
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[~ We have taken the case of an inlet guide vane with the following inputs: ]

L4

spacing to chord ratio 4 = 0.75

inlet angle «, = 0° §

outlet angle o, = 45°

loading distribution AP L x(-x%)

Calculations are made at 21 points and the convergence criteria ERROR
is /O~ 5 |

17 iterations are required for -F- to converge. The computer program

output is shown in table 1. Figure 2 show the plots of the blade camber line

and the mean streamline. Note that there is reverse curvature of the blade

near the trailing edge. This observation is also found in the results performed
by Tan, Wang, Hawthorne and McCune [4]. The computational time for this

example is around 7 seconds CPU time on the Digital VAX-11 computer.

Table 2 shows a comparason of the blade camber obtained from the

"smoothing” technique and the "exact” method. The results compare well.
p

This preliminary study of the "smoothing” technique shows that it is
indeed a very powerful engineering tool for the design problem in terms of

computational time and accuracy (if desired).

..
¢
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Chapter 4 : The "Finite-Thickness” Problem

In this chapter, we will present a method to solve the inverse problem
for blades having finite thickness. The method will be similar to the one
presented in the ”Zero-Thickness” problem, except that we now have to
differentiate the average flow quantities. In the case of blades having finite

thickness, we can define two average quantities:

1. The pitch average velocity which is defined as:

_ | f+4
UQE 7[4 Vng) dy

The pitch average velocity has no physical representation of the
flow since there is no flow in the blade. However, if we are to
model the presence of the blades by distributing singularities on
the blade camber lines, then x does exist in this sense.

2. The gap average velocity which is defined as:

_ {4-4-1"
Vw:—— [ vom 4
£

Obviously, the gap average velocity does represent the average of
the actual flow.
In the design problem of blades having finite thickness, as mentioned in

the introduction, we choose to model the presence of the blades by distributing

vortices, sources and sinks on the blade camber lines. In our method, the two

main given quantities are: the loading distribution VTJ , and the blockage
distribution |

Given these two quantities, the gap average velocity is known. It is

defined by:
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Vo) = Vo0 3+ V(o) &

where VTx (x) is found using continuity, i.e.

= 4
VTx (X) =
A - 2T(x)

By distributing vortices on the blade camber lines, we have shown that

the strength of the vorticity is related to the y-component of the pitch
average velocity through equation (2.2-2). Therefore, in the "Finite-Thickness”
problem, we no longer know the strength of the vorticity. Equation (2.2-8) is
still valid in describing the flow field in region 2, however, we now choose a

different way to describe it.

4.1 Flow regions

Using the same general approach as in the ”Zero-Thickness” problem, we
again divide the flow field into three regions. @ The velocity potentials
hn /,4 are used to satisfy the far upstream and far downstream flow
conditions, and the matching conditions of the velocities- at the leading and
trailing edges. We again make use of the "smoothing” functions to satisfy the

blade boundary conditions.

The three flow regions are:

(1) Region 1

Region 1 is defined in the interval = 00 < X < 0. In this region,

the flow is irrotational everywhere. We may write
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Vi (t1y) = V(=) + 0,09)

F (0Y) = T ) (#4.1-1)

where V(-n) is the inlet flow condition. The boundary conditions are:

- far upstream VV[;' = O

- at the leading edge \Yj

- 3
[ s b ]
.'4

(2) Region 2

3]
<
L]

{ - g
:. Region 2 is defined in the interval 0 < ¥ < 1. We choose to analyze Jj
‘ the flow in a region between the blade camber lines. The flow in this region J

is divergence free and curl free. We may write .
y’.(”":}) = V¢(x,7) .ﬂi
V1¢ - O (4.1-2)

The boundary conditions in this region are:

- matching conditions at the leading and trailing edges :
- no flow-through condition at the blade surfaces o

(3) Region 3

Region 3 is defined in the interval 1 < X < + a0 . In this region,
the flow is irrotational. We may write
= ~
Vs(9) = Y(+=) + &,(%,9)
T 4.1-3
® Vix,9) = V%, () (4.1-3)

where V(&no) is the oulet flow condition. The boundary conditions in this
~ .

region are:
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I_‘ - far downstream V?f s = ®)
- at the trailing edge L/,_ = ,.Y}

4.2 Solution of the velocity field

Consider the flow between the two camber lines (excluding these camber
+ -
lines) located at 5 = -{r and 5 = .f + A4 . In this region, we can

write V. asa velocity potential satisfying Laplace equation:

R

Yox,9) = YB(x,y)
Vzé - O (4.2-1)

Let’s assume ¢ to be of the form

Bxr9) = SE) G + Bx)
+ Bes o) + G (55 0) (422)

where the smoothing series .o is assumed to be of the form
Brs(x,9) = PBrs () + 3(X) SE)
+ AL )I(K) + B, T () + .- (4.2-3)
and thus, @ can be written as
Bx,9) = [6r+3]56) + B + By + % _
Ar T@) + B, TK) + - (4.2-4) e

) 3
Combining equation (4.2-1) , (4.2-2) along with the choice V 7/:& = 0,

we obtain

v

v : -3 -5VG + 2V6,.9 -G, US (423)

..............
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ﬁ Based on the experience from the ”Zero-Thickness” problem, there are a

few motivations in choosing ¢ of the above form:

- S in the smoothing series ﬁ.r, is the additional amount of
vorticity needed to represent the total amount of vorticity
distributed on the blade camber lines.

- ¢ and ¢-r.$ represent some average in the potential velocity
which we have the freedom to choose at our convenience.

%,_ is chosen to satisfy the matching conditions at the leading
and trailing edges.

A-,. , By, Cy , .. are chosen to satisfy the blade boundary
conditions.

We are now in the position to solve for the velocity field in region 2.

Qur tasks are to:

1. relate some of the unknowns in the assumed form of ¢ to the
given gap average velocity .YT

2. satisfy the Poisson equation (4.2-5)
3. satisfy the blade boundary conditions
L'fi V., . V(x-T) = © (4.2-6)
. (4.2-7)
i V. - 7(x+T) = ©
i 4.2.1 Relation between the gap average velocity and the

B unknowns
In this subsection, we relate some of the unknowns in the velocity

otential defined in equation (4.2-4) to the gap average velocity. -
P P

-
o

D e st

By definition of the gap average velocity, ,~_ {
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ol . . &kl

44T
Vo dy = (4-27) Vs

i

{+T

= 2 S(T) :\./..,-

Evaluating the above integral using equation (4.2-4), we obtain

(EZQ-J/‘/G-,)Q,‘ +(.GT)33+ (V8rs+9% )y = Vo

We now choose the coefficients in ¢ such that =
-/ / A A ——

(¢+‘FGT) ‘x"'(’G'r)‘:) = Vr "i

Therefore, we require 4

30k v 2]

D+ “: Gy ) = Vig (4.2-8) 2

and

<V¢rs + V%;_ )‘r = O (4.2.9)

Equation (4.2-8) requires

-/ - /
& = N, - _f G, (4.2-10)
Equation (4.2-9), a vector quantity, can be satisfied by choosing
=20 g _ LM 4 (4.2-11)

_ s@) T_ " S TT T
; X and 2y T
Py -/
3 T(r) ’ L(-r) / / (4.2-12)
= ¢ = A + -2 N
, o= 2D (A7-8f) + 25 (- 2,.4)
5 (3F),
o
N'._'
b
2
T
.
T-
&; uju Sl ‘L . — e ,';'-' TOCIRT IR sijf s -;.\-_.. ;5..::‘.~;'. e ?i\".:"';f et e -“;;_'-;';-"_ Y
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Define
I(T) ./ / L(T) /ot , (4.2-13)
= A -8B + —=2(Co- ..
A sy Ar-Bf) scr)<73f'f)+

2%
2y

We will show later that ﬁ relates to the source/sink strength.

4.2.2 Satisfaction of the Poisson equation

We now choose the coefficients in the smoothing series so that the

Poisson equation (4.2-5) can be satisfied.

T Y 7
R .':.Y

From the assumed form of the smoothing series ¢T.s , equation (4.2-3),

we can write

VB = (VE, -50x - 2050 - A l0]")
+ S(x) (Vt(-r A, T + 2VA;. Y + B, /V"v)
+ IT(x) (V"A.,f B, V + .LVB,-VK + Cr /V'(It)

T (98, + G T A TCr e 03, 106l

:- + ®* & °

° Substituting the above equation into equation (4.2-5) using equations (4.2-10)

through (4.2-12), we obtain, in scalar form

e Jear e guin 2

———"
. . A
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g A 1Tal* = (Thoe p) - £ (&l +5)
- = 56) [(6)+8") - A §” 240 s B, I7e]”] |
ﬁi + T [ Ap - 84" - 2874+ & Iel’]
§ ¢ T [ 87 - Crf'e Gl 2 iRl ]

: R

The above equation is of the form

).
- a_(x) = 9 (X1y) &y (x) + 92 (%,9) 2z (x) + --- =

One way to satisfy the above equation is to choose

A (¥) = ©

a,(¥) = © A

a, (x) = O

: &

*q

")

Using the choices suggested above, we obtain 1

. jjq

': v / / / 4 y) o0

f Ar1Ocl® = $/(6745") + (Voo 4 4)
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Br (Uxl” = = (Gr 45 ) w Art" + 2 A, §

Cr IKI" = - A + B, f + ,zsi;’

1)

D, 10| -8+ Cof e achy

Ry
(4.2-14) 1

By choosing A'r , B Cy , .. of the above forms, it turns out that )

T 1]

one of the blade boundary conditions is satisfied. This fact will be discussed

in section (4.2.4).

4.2.3 Matching conditions

/
As in the infinitely thin blade case, the velocity potential hn A are

et e .

St
Ae i o

used to satisfy the matching conditions of the velocities at the leading and

trailing edges, and the far upstream and far downstream flow conditions. ;‘
Again, %N/A are chosen to satisfy Laplace equation. A similar analysis —3
for %" as in the "Zero-Thickness” problem gives: *
]
-‘).‘lx-‘ﬂ L
7?,, PP
ts0 n=z| -‘1
+(B ) sind [y - 0 [a7 ) - o e l] s ) L

f 3 / .
- )_"(C,(-ﬂce’).[\’-.}(tﬂ - (-l) [6, Q) -C-.-(é)f(t)])ln)_ [\’ -{(é)]) ..-:j

e (4.2-15)
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where Xn = Zmn

A

With the analysis done so far, we can now write down the velocity in

region 2:

,,.\,/L (xl‘j) = I/;.(X) + [/5(7() Qx -S(x) Qv] + }f‘ (7‘/9)
+ S(“) [V(Q,-(x)«o-f(x)) + Ag(*) Vc(‘]
+ I(d)[VAT(X) + E;,(x)vx]
+ T (x) [VB-,-()!) + Cr(x) V.(J + .o
(4.2-16)
Again, we require
AT = O

6’1{4-5/ = O

for the flow to come and leave smoothly leading and trailing edges (the zero-

at x = 011

incidence and the Kutta conditions respectively). Using the definition of
A in equation (4.2-14), the above conditions become:
/ ’
G-T -+~ S = O
—r at X =0, (4.2-17)
V, +f = O
4.2.4 Blade boundary conditions

So far, we have chosen all the coefficients in the expression for ¢ .
We must now satisfy the two blade boundary conditions, i.e. equations (4.2-6)

and (4.2-7). It turns out that one boundary condition is automatically satisfied

NEASK YO
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through the choices of Ay, B_, C, , .. in equation (4.2-14) while the

D RAASADS ) RS

other blade boundary condition is used to generate the blade camber line.

By adding and subtracting equations (4.2-6) and (4.2-7), the blade

boundary conditions become: ';

; .
: < VB> .V« - AL (vF).9T = O PR

I R

- Ay (98). Ix - < 9> . 0T = © :

Evaluating V,d at the upper and lower sufaces of the blade and

T
Co A
ndnadh.

substituting them into the above equations, we obtain:

-(6:4%) + (VZ+ 0D, ) . Ux + <V$f‘_ > . Vx —1
+ I(7) [VA-,-\Vx + B_ /Vo'(/z:,
C
R

+ K(T) [VCT.Vx + D, HZ’VJ + ee

= AT (Vﬁu) . VT

4

+ S()[V(6,+3).0T + A, %.VT ] .

(4.2-18) :

+ T(T)[V@T\VT‘r C, Vx.VT] + oo ]

2 <

. and B
o
°
%
&

L. ------------
S D L T T e e T e T T T b R
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A (V%) Y
+ S(1) [V(G.,-J).Vx + A—,—IV«I"]

+ J(T1) [VB,.VK + Cq /VxlzJ = ..

2 - (Gp+8) VT 4 (VF+VF,) . VT
P’ +< v, > 0T

; + I(7) [GA,. VT + 8, Ux. VT ] (42-19)
_ By substituting the choices of Ay, B, , Cg¢ .. in equations (4.2-14) ]
E‘ into equation (4.2-19) and along with the identity

j‘i[scv) i’:")r] = AL (V%) Ux - < VY%, > .0T 3

0N

we can show that the blade boundary condition (4.2-19) is automatically .—_4
satisfied. ~
Finally, the other blade boundary condition, equation (4.2-18), is satisfied é'l_:]

by choosing the blade camber line -F appropriately. We will call equation ‘"!

(4.2-18) the "camber generator”.

Substituting the choices of the coefficients A-r, B'r , Cr , ... into

the blade boundary conditions (4.2-18), we obtain

! . . N e R N . . . R o

YT R S0 . .. R S L . . o .~ - oL, R R
AL BRI B R T A S S T P S SR TR SR

- AEPTEACNE ST N SAE. VTS PILUILI WA Y. ¢ LN WA Uy Wy 1 WA WD T S D e PRI P LT . G U By e S Bt 8
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g SE) Yy Uk = SE)N (V% ), Ve

3 +5(7) {AT(V‘/,L).W-<WL>T.V«}

# +[J(T)dix +5(-r)j;—( I(rﬂ{@f’ +8’) _ Ar{'}
"[L(f)f:; + s(r)d-i K(-r)]{ _g; _ CT-}:/}

+ S o=

(4.2-20)

This is a differential equation relating —f and the coefficients A.,-,

By , Cr, ... As in the "Zero-Thickness” problem, we can reduce the

above equation into an algebriac equation for -F (in the iterative sense).

Again, defipne

/ Y C
‘Fo (x) = b
v s

X
Then -fo represents the mean streamline.

Also, define

£x) = f. ) + Af %)

Then, referring to equation (4.2-20), it can be shown that

5(T7~VT.V.( = —;;;;‘i‘.x(Af)




‘

" | ‘. .

[0 & + 500 & 7 J{cei55007
d / / .

- ;x{ [+ s Z][ (67+3) - Aff’l} -

-9

[cch 2+ s L xen] {60 - Cof]

,.df';(.[[z.(r)+ S(T)K(ﬂ_][ By - C"‘/[,J

and finally
S(T)[AT (Vﬁ{t).VT - <V{,_ > Vx}
r s (9%,), - 9T = ji (FSom)

where

+20 n=l

-1 [x-¢] sin AT
Fsud _ZZ < '/\)"‘ + S(T)c.oSA.,T'){

[(.:) 8.6) - L [8])- fle)]
- ')

- D) 4 ] cos An [$(<)- f#)]

"

[[A )-8 (e)‘;(e_'[ + — Cr(t)
- f‘.’. [c,(é)-mf(c){,@)_‘]_....] g;nlh[{(x)-;(t)]}

Combining these equations together, the "camber generator™ becomes
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ALy = - 2 [r(r)wm:(ﬂ] (645"~ Arf')

A

2
- < ( f-:som)

4.3 Iteration process for the blade camber line

2 [L(T)-a-s(-r) K(T)](ﬁ.; -Cf') -

(4.2-21)

We choose a very similar iteration scheme used in the "Zero-Thickness”

problem. The iteration process consists of calculating the coefficients A-r,

b

T

/
, CT’ ... using equations {4.2-14). Then, update $" and /5/ using

equations (4.2-11) and (4.2-13). Finally, update -F using equation (4.2-21).

In quantitative forms,

1. Compute

A&+ + (V)
Af(x) (I_'__F/L)

B ) - ~ (6 +3") v arf'+ 28,4
‘r - 14
(1+47)
! / /7 ./
s AT m Bt e 28 f
(€) =

(I +47)

(4.3-1)

A N




ML
C

‘

1

L

:

Y
Y ¥

T ,

mp—
e

D (x)

2. Update
74
£ X

/
§/ - d
dx

B P ANETAYY 7
e - - ! 2 t
bS(T) (AT BT.} ) + 5?7-) <CT '.Df‘f ) 4 e 4 (’3@ )T]

-

_IMg _3m e (4.3-2)
TSe b T i e (5

F) = fo () + AF(x)

In order to start the above iteration process, we need to kmow not only

/ /
an initial guess for -): , but also for /5 and S . A discussion of the

"physical” reprsentations of /4 and S is given in Appendix D.

4.4 Numerical method

A computer program is written to solve the inverse problem using

"partial smoothing” (refer to section 3.4). As mentioned in section 4.3, the

iteration process for + consists of, in ”partial smoothing” forms:

1. Guess /

el F o

ST T [ -
s X .
NP s. Ll
ol a a2 s A i S -

e
d

O L-;,‘L;;L.;;

i

A

R R TR
. [ P -I . . ! -' P -
A RN )
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/5 = V., (sim2rx-1)

s’ . o fi

foe o)+ 2 es1a)] (6 +5larf)

2. Compute ':"-"":

/., 7 -/ ]

Apex) = (67 +5) + (Vo +f) 4

T ( ’+flb) , - ?

b, - SEL23") + Arg e 28rf .

T - (/+-F'.L) ~--4

3. Update ‘“1

F(x) = - f:: [7(T)+ scT)I(T)_](G; 54 f)

Z
T (F&(JM)

4. Check for convergence. If not, go back to step 2 to recompute

A_r, 31, with the updated values of ,A/ ., S7  and
and continue this process until convergence in 7[. is
achleved.

Lo e
a2’ W 1a !

As in the ”"Zero-Thickness” problem, the convergence criteria for 3
—7C used during the iteration process is, at every location X L. we
require B
n+t! n = .4.
+ (%) - -f (X.) < ERROR *
for convergence to succeed. "

After convergence has been achieved, we proceed to calculate the pressure

-

coefficients on the blade surfaces defined by:

. SRV
o e L

-"\ “

- s . - - . o Y - 'kq . o R
D I T A R R P Y e . O . T e e
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| v\
P - _v___
onsek

C

where V is defined in equation (4.2-16), and Vns&b is defined as

o

Vousct 2/ + F (bams+ ban Y

Finally, in order to accelerate convergence, we pre-calculate all leading

and trailing edges variables needed in the iteration process. The flow chart

for the computer program is shown in table 4.

The above iteration process requires computing derivatives. Two methods
of computing derivatives were investigated: the Spectral method (Chebyshev
collocation) [7], [8], and the finite difference method (central difference). The
finite difference method was chosen over the Spectral method method because

it is numerically more stable.

Numerical problems were encountered in the iteration process for 7C
Due to ”partial smoothing”, this method is not able to resolve the singular
point in the source/sink distribution at the leading edge. It was found that
when approximately 11 points (depending on the value of the spacing 4 )
are used in the calculation, convergence in -/: is achieved in about 10
iterations.  When more than 11 points are used in the calculation, the
iteration process fails to converge. We propose to use a filter to resolve this
problem.  Studies of this numerical problem and the filtering method are

discussed in Appendix E.
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4.5 Design choices

In our method, there are two main input parameters available to the

designer:  The blockage distribution T(X) and the loading distribution
—/
vy

/
Voy

(X) . As an example, we use analytical forms for both T(X) and

(x) as inputs to our numerical code.

4.5.1 Blockage distribution
In our numerical example, the b‘lockage distribution T(x) is chosen to

be of the form

T(X) w XQJ(I—X)L

We define the maximum blockage parameter BLOCK as

T
BLOCK = h&i

A /
We restrict ourselves to the case where T = 0 at the trailing edge.

/
i T ( 1) # 0, then a stagnation point must exist at the trailing edge.
We do not think that this is a good model of the real flow. In the actual

low speed flow situation, the potential flow outside the boundary layer is

pushed away from the trailing edge by the presence of the wake. Therefore, &
/

we think that the condition T '(4) = 0 is a better model for the real ]

flow giving more realistic pressure coefficients at the trailing edge. This 1

o)

condition require <@ > 1. We note that this is not the restriction of our -

od

method. b can be any real number.

e i@
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4.5.2 Loading distribution
In our numerical example, the loading distribution is taken to be of the

form

_ c a4
VT.‘J ~ AP ~ X (1-x)

where ¢ and <l can be any real numbers.

With these design choices, we will be able to study some effects of the
blockage and loading distributions on the pressure coefficients at the blade
surfaces. A more practical way would be to read in the thickness and loading
distributions at discrete points and use a numerical method to compute their

derivatives and integrals.
4.6 Numerical results

In this section, we will first discuss the limitations of our current
numerical code. Then, we will attempt to close the loop for our method using

a direct method. Finally, some results are presented.

Limitations of the current numerical code

Our current numerical code (using the iteration scheme of section 4.4) is

limited to the following cases:

1. when the axial chord is divided into 10 intervals or less (< 11
points), - converges without using the filter. Otherwise, the
filter is needed for convergence in -75 to succeed.

.....................................

.....................................
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2. when the spacing to chord ratio A& is of the order of 1 and
greater, 7C converges slow and fails to converge when the
convergence criteria ERROR is less than /0O~ %

These problems can be resolved if many more terms in the smoothing
series (equation(4.2-3)) are kept so that the singular point at the leading edge
can be resolved. However, we decide not to do so because the idea of the
"smoothing” technique is to be able to achieve high accuracy using very few

terms in the smoothing series.

Closing the loop

Our design method is supposed to find the blade shape which is supposed
to do two specified jobs: a certain amount of circulation, and a certain
loading distribution. Given these two parameters and the blockage
distribution, our numerical code computes the corresponding blade shape and

pressure coefficients at the blade surfaces.

Does this blade profile actually do the specified jobs? In an attempt to
answer this question, we use a direct method to compute the circulation and
the pressure coefficients of the blade shape obtained from our indirect method.
If there are agreements in these results between the two methods, then we

succeed to close the loop for our design method.

We choose the direct method developed by McFarland [10]. It makes use
of the panel method. The numerical code has many options, some of which

are what we need to perform the comparason.

In general, results of the comparason show that:

- for the individual pressure coefficients, there are good agreements
between the two methods ( ~, 5%) away from the leading and
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trailing edges (1< X <.9). Near the edges, the two results differ _«
substantially (see example discussed below). —o

]

- for the loading (or pressure difference across the blade) distribution,
the two results agree within 5%.

§fov

- ‘ _— .
o K et L
) .'A'..,[L')“ PR ‘1‘ o

- for the circulation (or comparing the oulet angle), the two results
agree well within 5%.

At 4
- -4

An example of closing the loop for our design problem is now presented

[
# We have taken the case where: _ -

inlet angle X, =0

outlet angle o, = 45°

| I
P YA

BLOCK = .1

spacing A = .5 q’

g N
T ~  x((=X%X) 1
S Ap o~ XTP(-x)

Table 4 and 5 show the numerical results of our indirect method using

11 points and 41 points respectively. Note that the two results agree well

MBI \OODEMAE  ~ SIS ~
. Te e . r . . PRI - . . - - -
]

within the error of the numerical scheme used to compute derivatives. Figures

i

‘ 3 and 4 show the corresponding blade shapes and pressure coefficients.

The pressure coefficients for the above blade shape (obtained from our

ey
e

indirect method) are calculated using the direct method. Two options in the

direct method program are used:

1. Option 1 - the inlet flow condition is specified, and the program
uses the Kutta condition to determine the outlet flow condition.

A am m ane 00 aue ane

2. Option 2 - both the inlet and outlet flow conditions are specified
(or the circulation is specified).

I A A
f SRR

.................................
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Table 6 shows the results obtained using option 1. The results show

that:

. - the exit flow angle is 45.42°, compared to the specified outlet angle
of 45°.

- the loading distribution is of the specified shape (figure 5).

Table 7 shows the results obtained using option 2. The results are very

Bt

similar to those obtained using option 1. =3

Figure 6 shows a comparason of the pressure coefficients obtained from
the direct and indirect methods. It shows that the two results agree well
away from the leading and trailing edges. Near these edges, the pressure
. coefficients obtained from the direct method show oscillations. At the trailing
edge, because our blade shape is thin, the direct method fails to fit a curve
through the control points giving negative thickness. Consequently, the Kutta
condition at the trailing edge is not satisfied, and the results near the edges

are not to be trusted.

We conclude that the blade shape obtained from our design method

succeed to do the two specified jobs. We were unable to close the loop

'.' completely, but the individual pressure coefficients obtained from the two .‘.
a8 1
- methods do have the same general shape.
S Comparason of the ”Zero-Thickness” and ”Finite-Thickness”
. [ ] ° L3
results in the zero blockage limit
It is found that, in the limit of T (x) going to zero, the blade camber \
lines obtained from the two theories are not the same. Although the two
o

theories themselves are the same in this limit, the results are not the same
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because the "Zero-Thickness” problem does not predict the presence of a
stagnation point at the leading edge while the "Finite-Thickness” problem does.
Table 8 shows an example of how the camber lines obtained from the
two theories compare. Plots of these two blade camber lines are shown in

figure 7.

Effects of the spacing to chord ratio on the blade camber

Figure 8 shows the effects of the spacing to chord ratio § on the

blade camber line. As &  increases, a smaller number of blades are

available to do the same job resulting in highly cambered blades. --

Effects of the maximum blockage on the pressure coefficients

Figure 9,10,11 show the effects of increasing the parameter BLOCK (the
maximum blockage) on the pressure coefficients. We have taken the case

where:

inlet angle = O

outlet angle = 45

spacing to chord 4 = 0.5
- T ~ X (I -X)L
- AP ~ X(l -X)

As the parameter BLOCK increases, the flow near the maximum

thickness location (in this example X* = .33333) accelerates due to the

Venturi effect. This effect can result in highly unfavorable pressure gradients

at both the upper and lower surfaces if the loading distribution is not chosen
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properly. Figure 11 shows such a situation. A Dbetter loading

“ K R N ‘.
RS

distributionshould be sought for this example to give more acceptable pressure

coefficients.

el

Rounded leading edge example
Figure 12 shows an example of an inlet guide vane having a rounded
leading edge. Compare with figure 10 (this is a fair comparason since all .

inputs in the two cases are the same except for the blockage distribution), we

L "".lu ".l'- ....‘

see that the effect of the rounded leading edge is to further overexpand the

fluid near the leading edge. However, we do not think the current numerical

e

. C

code can resolve the rounded leading edge case accurately because of the

limitations on the size of the computational intervals. o

4.7 Design procedure 4

ny

The numerical code outlined in section 4.5 can be used to explore the .:

effects of blade loading and blockage distributions on the behavior of the 1

pressure coefficients at the blade surfaces. Given some design requirements,

o the designer can use the above program to find the "best” blade shape using a -d

trial and error method.

In this section, we present an example of a design procedure using our

L . . . . . . S

; numerical code. Suppose that we wish to design inlet guide vanes which can .
do the following jobs:

o - the flow is to be turned from o, = 0 to oly = 45", with a

spacing to chord ratio 4 == .5.
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- the blockage distribution is to have an analytical shape of the form

X (1 - X )" with the maximum blockage parameter
BLOCK = 0.1.

We seek a loading distribution which gives "good” pressure coefficients at
the blade surfaces (in terms of minimizing flow separation). We start the trial

and error process by choosing the loading distributions which is

o 1. highly loaded near the leading edge (maximum at X* = .33333).
P Figure 13 shows the corresponding blade shape and pressure
coefficients.

) 2. highly loaded at midchord. Figure 14 shows the corresponding
blade shape and pressure coefficients.

3. highly loaded near the trailing edge (maximum at X » = .66666).
Figure 15 shows the corresponding blade shape and pressure
coefficients.

Comparing the results, we conclude that, for the above example, case 1

gives the "best” pressure coefficients. In general, results show that by loading

high near the leading edge, the corresponding pressure coefficients are "good”.

Figure 16 shows an example of a compressor blade after going through the
above trial and error process. Figure 17 shows an example of an impulse -

blade going after going through the same process.
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Chapter 5 : Conclusion j

A two-dimensional design method for highly-loaded blades was presented

in this thesis. Singularities are distributed on the blade camber lines to model

]
the presence of the blades. The non-linear theory is based in part on the T
Clebsh formulation. A "smoothing” technique was used to solve for the blade 3

boundary conditions. = Numerical examples was presented using a “partial

smoothing” form of the iteration scheme for the blade camber lines. . q
J

It was found that when the blades are assumed to be infinitely thin, the

blade camber lines can be solved through an iteration process of a set of ; 3
algebriac cquations. The iteration process converges very fast (~.7 seconds
CPU time on the Digital VAX-11 computer) for the typical solidity range
found in turbomachines. The results compare very well with those obtained

from an “exact” method.

When the blades are assumed to have finite thickness, the ”partial
smoothing” form of the iteration scheme for the blade camber lines fails to
resolve the singular point at the blade leading edge accurately. In order to

get high accuracy, an infinite number of terms in the smoothing series would

= have to be kept, making the "smoothing” technique less attractive compare to
F,' other techniques. A practical numerical code based on a ”partial smoothing”

form of the iteration scheme for the blade camber lines was presented giving

[ very fast convergence solutions (~,10 seconds CPU time on the Digital

e _®
VAX-11 computer) with satisfactory accuracy. 1
o ey
3 -
] . @

S
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X,
Y
o |
INPUT .-
SPACING S = 078
INLET ANGLE = 0 000 X
QUTLET ANGLE = 45 000 —
NUYDER OF POINTS = 21
PARABOLIC LOADING INPUT PROPORTIONAL TO x(1-x) Y.ga
L .
;1. COYVERGENCE HISTORY OF F(X) o
- ITER # 1 ----- ERRMAX = 0 01456 AT X = 0 90000 L
. ITER 3 2 ----- ERRMAX = 0 00336 AT X = 0.50000 i
ITER 8 3 ----- ERRMAX = 0 00127 AT X = 0 45000
. ITER # 4 -=-=- ERRMAX = 0.00039 AT X = 0.55000
‘ ITER # § ----- ERRMAX = 0.00027 AT X = 0 45000
g ITER 8 6 ----- ERRMAX = 0 00013 AT X = 0.40000
ITER 8 7 ----- ERRMAX = 0.00011 AT X = 0 45000
ITER # 8 ----- ERRMAX = 0.00007 AT X = 0 50000
ITER # 9 ----- ERRMAX = 0 00008 AT X = 0 45000
- ITER $10 ----- ERRMAX = 0.00004 AT X = 0.50000
;' ITER #11 ----- ERRMAX = 0 00003 AT X = 0 45000
s ITER #$12 ~---- ERRMAX = 0.00003 AT X = 0.50000
- ITER #13 ----- ERRYAX = 0 00002 AT X = 0. 45000
. ITER #14 ----- ERRMAX = 0 00002 AT X = 0.50000
ITER 81§ ----- ERRMAX = 0.00001 AT X = 0.45000
b ITER #16 ----- ERRMAX = 0.00001 AT X = 0. 50000
ITER #°7 -==-- ERRMAX = 0.00001 AT X = 0.55000
- X FuX) FLOW ANGLE F(X) BLADE ANGLE
0 00000 0 00000 0.00000 0.00000 -9 10520 L
0 05000 0.00012 0 41538 -0 00809 -9.27549 o
0 10000 0 00095 1.60386 -0 01633 -8 61332 T
0 15000 0 00312 3 47644 -0 02324 -6 47547 3
0 20000 0 00720 S 93741 -0.02768 -2.95814
0 25000 0 01367 8.88065 ~0.02841 2.22304 —
0 30000 0 02298 12.18862 -0.02380 8.79703 L
0 35000 0 03537 15 73517 -0.01293 15 43656 L
0 40000 0.05120 19 39206 0.00382 21.19087 ¢
. 0.45000 0 67062 23.03761 002583 26.04913 -
0 50000 0 09375 26 56504 0 05269 30 19280 -
. 0 55000 0 12062 29 28813 0.08403 33 76094 e}
e 0 60000 - 0.15120 32.94323 0 11954 36 83603
- 0.65000 0 18537 35.68779 0 15893 39 <8203 3
. 0.70000 0 22295 38 0984S 0 20192 41.75705 RS
N 0 75000 0 26387 40 15600 0 24821 43 68834 o
.- 0.80000 0 30720 41 86034 0 29744 4S 27878 --:]
~ 0.85000 0 35312 43 20871 0.34918 46 50883 .
. 0 90000 0 40095 44.10683 0.40285 47 31881 1
0 95000 0 45012 44 791585 0.45763 47 54620 S
e 1.00000 0 50000 45 00000 0.51216 47 42213 !

Table 1 - Numerical example of 'Zero-Thicknegs’ probleam




e e T e G T W A e - > 2 . g
C RN * S A i M A N A S i S e e S 2 A DN B Pl A T A Sel A AL Aedit fedc S e SMd gnd st
- PN I AN R N

T
Lo,

£ 0y

-64-

.
[

(e nta
.

,V,',w,
| ]
t
ai

-
e o8 I [
B A AR Pl
P . . . i
NS L N Y

——y
.

N
INPUT -.4

SPACING S = 075 ,
INLET ANGLE = 0 000 o
OUTLET ANGLE = 45 000
PARABOLIC LOADING INPUT PROPCRTIONAL T0 x(1-X) -

... ..

EXACT Su00TH Euer SMOOTH .«
X F F BLADE ANGLE | BLADE ANGLE i 1
0 00000 0 00000 0 00000 -6.36362 -9 10820 .
0 05000 -0 00733 -0 00809 -8.77228 -9 27548 i
0 10000 -0 01498 -0 01633 -7 83866 -8 61382 oo
0 15000 -0 02102 -0.02324 -5 31587 -6 47547 : j
0 20000 -0 02428 -0.02768 -1.64080 -2 95814 -
0 25000 -0 02390 -0 02541 2 90811 2 22304 @
0 30000 -0 01923 -0 02380 8 06026 8 79703 ]
0 35000 -0 00979 -0 01293 13.51490 15 43656 B
0 40000 0 00475 0 00382 18 96298 21.19087 o
0 45000 0 02450 0 02%83 24 13298 26 04913 .
0 50000 0 04947 0 05269 28 83133 30 19280 .
0 55000 0 07947 0 08403 32 95549 33 76094 N
0 50000 0 11423 0 11954 36 48344 36 83603 :
0 65000 0 15338 0.15893 39 44676 39 48203 .
0 70000 0 19650 0 20192 41 90393 41 75705 ]
0 75000 0 24316 0 24821 43 91742 43 68834 ST
0 80000 0 29288 0 29744 45 53462 45,27878
0 85000 0 34517 0.34918 46 77274 46 50883 e
0 50000 0 39940 040285 47 59450 47 31883
0 95000 0 45473 0 45763 47 8425t 47 54620
1 00000 0 50954 0 51216 46 68512 47 42213

Table 2 . Comparason of ’'smoothing’ and 'exact’ results
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1 INPUT PARAMETERS ;
UAX BLCCKAGE = 0 10000 e
SPACING = 0 500C0 -
- INLET AMCLE = 0 000C0 _—
{ OUTLET ANGLE = 45 000C0 i
, NUUBER OF POINTS IJX = 11 s
- YAX NUVBER OF ITERATIONS ALLCJED = 20 .
- MAX ERRCR IN F(X) ALLOWED ERRMAX =  0.000001 e
FILTERING OPTION = 0 -
BLOCKAGE AND LOADING PARAMETERS -
{ A= 100
- 8= 200
€= 050
D= 100
ITERATION # 1--=o=- ERRMAX =0.00376 AT X = 0 10000
ITERATION 8 2------ ERRMAX =0 00048 AT X = 0 10000 -
q ITERATION 8 3------ERRMAX =0 00013 AT X = 010000 i
e ITERATION # 4-=-=-- ERRUAX =0 00002 AT X = 0 10000 .
" ITERATION # 5--=-=- ERRMAX =0.00000 AT X = 0 10000
ITERATION 8¢ 6------ ERRMAX =0.00000 AT X = 0.10000 S
. X LOADCX)  T(X) FU(X) F(O) Cps Cp-
{ 0 00000 © 00000 O 00000 O 00000 0.00000 1 CO000 1 00000 @
) 0 16000 1 09742 0 01367 0 00259 -0 0137t O 21609 -0 83669 T
. 0 20000 1 37954 0 02160 O 01335 -0 00982 0.32123 -1 00828
5 0 30000 1 47829 0 02481 O 03600 0 01488 0 35421 -0 91697
0 4000C 1 46323 0 02430 0 07164 0 05381 O 30674 -0°86721
’. 0 0000 1 36328 0 02109 0 12073 0 10615 O 21504 -0 85185
- 0 60300 1 19472 0 01620 0 18316 0 17181 0 09294 -0 83185
0 70000 ©0 96733 0 01063 0 25817 0 24986 -0 05235 -0 80053
0 80300 O 68977 0 00540 O 34412 O 33873 -0 21089 -0 74507
& 0 90000 O 36581 0 00152 0.43835 0 43595 -0 37577 -0 65037
¢ 1 00000 0 00000 O 00000 0 53713 0.53751 -0 SSB67 -0 55867
3
P.
4
.
] -
h - "
h . -. T
3 C
4
q @
9 T ]
b O
- . “4
3 o
. " ‘-l
E Table 4 Numerical example of ’'Finite-Thickness' problem ‘;_'_‘.j
P (without filter) ]
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INPUT PARAMETERS

MAX. BLOCKAGE = 0. 10000
SPACING = 9.50000

INLET ANGLE = 9. 00000
OUTLET ANGLE =  45.00000

NUMBER OF POINTS 1JK =

MA. NUMBER OF ITERATIONS ALLOVED = 10

MAX. ERROR IN F(X) ALLOVED ERRMAX = 0.000100
FILTERING OPTION = |

BLOCXAGE AND LOADING PARAMETERS

A= .00
Be 2.00
Ce= 0.50
De 1.00
ITERATION # (--==<--ERRMAX +0.01190 AT X = 0.02500
ITERATION ¥ 2--===-ERRMAX =0.00676 AT X = 0.02500
ITERATION # 3------ERRMAX =9.00388 AT X = 0.02500
ITERATION # d---==- ERRMAX 20.00223 AT X = 0.02500
ITERATION # S~-----ERRMAX =0.00127 AT X = 0.02500
ITERATION #» 6-===~- ERRMAX =0.00074 AT X = 0.02500
ITERATION 8 7====—= ERRMAX =0.00041 AT X = 0.02500
ITERATION #» 8~-----ERRMAX =0.00024 AT X = 0.02500
ITERATION # Q~——=e- ERRMAX =0.00013 AT X = 0.02500
ITERATION ¥ 1Q====== ERRMAX =0.00009 AT X = 0.02500
X LOAD(X) TX) FM(X) FX) Cpe
- B 9. 00000 0.00000 9. 00000 0.00000 1.00000
9.02500 9, 58000 9.08401 9.900009 -9.00398 a. 50002
0.0 0.79921 0.00761 0.00848 -9.00772 0.0008S
0.97509 9.95307 0.01083 9.00133 -0.01066 0.03782
0. 10000 1.67077 9.01367 9.00273 -9.01245 0.08002
9.12500 1.16390 0.0161S 0.90474 -9.01297 0.13208
0. 15000 [.23856 g.01829 8.00741 -3.01217 0.17938
0.17500 1.2984S 0.02010 9.01076 -9.01010 0.22816
9.20000 1.34604 0.02160 0.01484 -9.00680 0.27418
9.22500 1.38307 0.02280 0.01966 -0.00234 0.31633
0.25000 1.41086 0.02373 9.02523 9.00322 9.34597
a.27500 1.43040 0.02439 0.03159 9.00982 0.35419
0.30000 1.44248 0.02481 0.03873 9.01742 0.34936
0.32500 1.44776 0.02499 0.04667 9.02599 0.32412
0.35000 1.44677 9.0249S 0.05543 0.03550 0.30901
0.37500 1.43995 0.02472 0.06501 0.04592 0.30709
0. 40000 1.42769 0.02430 0.07541 9.05724 0.29402
0.42500 1.41031 0.02371 8.08664 0.06943 9.27274
9.45000 1.38810 0.02297 0.09870 0.08249 0.24%809
9.47500 1.36131 0.92209 0.11159 0. 39 9.222359
Q. 1.33017 0.02109 8.12531 9.11112 Q. 19656
0.52500 1.29487 0.01999 9.13986 0.12667 0.1694]
0.55000 1.25558 9.01879 0.15523 9. 14303 9. 14059
0.57500 1.21248 6.01753 - 0.17141 9.16016 0. 10993
Q. %] {.16570 0.01620 0. (8838 9. 17804 0.07783
0.62500 1.11538 0.01483 0.20613 0.19667 0.04360
0.6500 1.06164 0.01344 0.22468 0.2:600 0.01838
0.67500 1.40453 v.ui2u3 0.24390 9.23602 -0.02793
0. 70000 1. 94433 0.01063 0.26387 0.25670 -0.06516
9.72500 Q.88 16 TRCLIRES 0 28452 0.27%00 -0.1031S
Q. 75000 0.81.156 0,179 0.30582 9.29990 -0.14174
0.7750 1", 74822 1 00662 0.32773 9.32237 -0. 18080
0. 5umv 9.07312 v.10540 0.35021 0.34537 -0.22020
0.82500 0.59%02 0.0V0426 9.37320 0.36888 -0,25988
0.85000 9.52030 2.v0323 Q.39667 9.39287 -0.299%0
0.87500 9.43991 0.00231 0.42055 9.41729 -~0.34003
0. 90000 0.35692 0.00152 0. 4dd78 0.44213 -0.38069
0.92500 0.27138 3.00088 3.46931 0.46732 ~0.42202
0.95000 0.18335 0.00040 0.49406 0.49282 -0.46446
0.97500 0.09287 9.00010 0.51896 08.51855 -0.50899
1.00009 0.00000 0. 00000 0.54394 9.54434 -0.55891)
Table 5 : Numerical example of ’'Finite-Thickness’

(vath filter)

problen
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CONTROL CONTROL POINT COORDINATE SOURCE NORMAL TANGENTIAL  PRESSURE -
POINT X Y DENSITY VELOCITY VELOCITY  COEFFICIENT q
{ 1 9.987487 0.531406 -9.327308 Q.000N  ~1.003151 ~0.006311 .
2 9.962497 8.505435 -8.32959@ Q.000(WQ  ~1.579879  ~1.4960)18 BRERR
3 0.937506 0.479427 ~0.328757 8.0008 -], 17361 -0.377364 .
4 8.912511 0.453515 -0.326162 0.000000  -1.31793 -0.736%67 P
5 8.387515 8.427783 =0.322227 Q.00 ~1,3J04845  -0.702619 -
6 0.862519 9. 412298 -0.317136 8.00008  -1.31218) -0.721829 C
7 0.837522 0.377107 -9.310993 0.000N8  -1.316738  -9.733958 Y
8 0.812525 8.352279 -0.303509 3.0000  ~1.321021 -0. 7451996 .
9 0.787528 9.327831 -8.295573 @.0MMR0  ~1.324733 -0.754919
10 9.762531 0.303837 ~0.286240 Q.0MNG  -1.32828 -9, 763459
1 0.737534 9.280335 -9.275760 0. 0%NX¥  ~-{.33U98S -0.77!520
12 8.212527 9.257369 -9, 264088 2.000Nd  ~1.333702 -9.778762 by
13 0.687539 9.234986 -0.25/083 9.00n0@8  ~1.336256  -0.7RSS580 Ve
14 9.662542 9.213232 -0.23 B. XXM -1.338725 -8.792194 MR
1S 9.637544 0.192150 ~0.220876 9.00000  ~1.J41169 -0.794733 -
16 9.612547 0.171783 ~0.203552 B.0UnWd  -1.343636 -9.805356 o)
17 9.587549 9.152174 -0. 184650 0.000MK0  -1.346141 -8.812096 Y
. 18 8.562550 8.133362 ~9.164119 8,000 -1, 348704 -8.819002 BEIE
19 9.537552  ©0.115385 -0.141866  0.000008  ~1.351329  -0.R2609| L
28 0.512553 0.098279 -0.1178SS 0.00008  ~.354042  ~9.833322 g
21 0.487553 9.U82078 -9.092026 0.00M000  -1.356702  -8.840639 s -d
22 0.462554 0.066815 -0.064315 0.000:08  ~1.359432  -0.84797S h
23 0.437553 9.U5282 -9.033663 9.000008  -1.362156 -9.855198
24 0.412553 ©9.039228 -0.003003 9.0w -] . 363601 ~0.862137 E
25 9.337552 0.026961 9.030739 0.000W08  -1.366939  -9.B8ALS23 .
26 9.362550 0.015759 9.066643 Q.00  -1.365936 -0.873986 .
27 9.337548 0.005653 9.164813 Q.00 -1,37039¢ -9.877972 1
28 0.312545  -9.003320 .145361 0.8 -1 .371003  -0.379%51
29 9.287541 -~9.011118 0.188412 0.200nwe  -§,370336 ~-0.877822 p
30 9.262536 -9.017693 0.234096 9.800008  -1.367744 -8.870723 ]
31 8.2375380  -0.022999 9.282508 9.0  ~-1,362293  -8.855842
32 9.212523  -0.026944 9.333655 0.000W8  ~-|.352654 -9.829674
33 8.187514  -0.029482 9.387351 9.00nW0  -1.337004  -B.787580
34 0.162502 -0.930524 9. 443059 0. -1.312949  -0.723838 i
3s 9.137499  -0.029992 9. 499690 Q. -1.2775859 -0.632158 ﬂ
36 0.112476  -9.027823 0.555407 0.000008  -1.227688  -8.507219 : g
kgd 9.087465  -0.023998 9.607521 9.0U00M0  -1.159363 =9.34412 .
8 0.06246 | -9 118570 0.652563 Q. 0NN =1.073582 -9.152578 v -9
39 9.437470 -6.011764 0.685564 B.UMNNIB =@, NS 9.175357
L 0.914985 0. 0)IN66 9.700727 . uun0 -8.993459 0.9130439
<) 2 2499 ~0.NNIK28 9.709200 0.0 -0.201021 6.959591 4
42 9.002500 O.%um || =0, 448950 - N LLLIN 0.587520 0.654821 S
43 0.01508 . U000+ ~0.451883 Q. 0%hu0 ©.92507) 9. 144244 R
+4 9.937500  -0.U60N47 -0.457399 Q. ONn¥y 8.765250 9.414393 4
45 A.062561 =0 039 Q. 442719 9. 0NN 9.771431 9. 404895
45 4.087505 A_INKI5R8 ~0.414927 Q. OXRK® 0.755A96 9. 428923 - 4
47 9.112510 9. 00208 | ~1).381106 Q. MNRNNIY A, 745731 0. 343888 [
<8 8.137514 Q.1M14531 ~. 345486 Q. uuunw 9. 741692 @, 449893 .
49 9.1625(8 6. 087946 -8.310129 9. oMY 9.742463 0. 448749 R
50 9.187521 8.012206 -9.276276 CACLILY 0. 746554 0442210
S1 0.212523 0.017538 -9.244318 B N0 0, 753821 0.431754 ST
52 9.237528 0.023614 -0.214207 Q.00 0.762583 0.415467 R
53 0.262526 0.030492 -9.185719 9. 0NHeo 8.772603 9. 4084 M
5S4 0.287527 8.038138 ~0.158562 9. 30008 9.783516 9.JR6071 : .
SS 9.312529 9.046526 -9.132463 9. 000 9.795173 9.367700 STl
56 9.337539 9.455641 -9.187195 9. 00008 0.807401 9.34% 04 4
57 0.362531 9.065472 -0.882593 9. 0NN 0.820164 0.327331 PRI
S8 9.387533 8.9076015 -9.958547 0. 0U)HNNg 0.833439 8.305379
59 8.412534 0.U87267 ~9.934989 Q. 0NNVVG 0.847222 0.282214 .i
60 0.437536 9.099278 -9.0119a1 9. 0N 0.561516 0.257791 "'q
61 9.462537 B.111%99 0.019708 9. 000000 0.876309 94.232082
62 8.487538 9.1252%] 0.032318 9. 0NVVNY 9.591593 0.205062 1
63 08.512539 9.139374 0.054374 Q. N0 0.907342 9.17673} 9
64 9.537540 9.154177 0.975340 0. VUG 0.923810 8.147129 3
65 8.5625 0.169638 9.09565, 0. 0X%00 9.941051 0.116304 2
66 9.587541 9.185303 8.115273 0. 3una 9.356%90 9.084361 AN
67 9.61254] 0.202814 0.134157 9. 00O 9.973347 8.051427 .
68 0.637541 0.220415 9.152273 0. 200000 8.991135 9.017650 A
69 0.662540 0.238695 9. 169601 0. 009 1.008358 -9.0167%6 1
70 9.687540 8.257642 Q.186136 Q. XNXI0Q 1.025518 -0.051686 ’
71 0.712539 9.277243 9.201884 9. 0N 1.042528 =0.086858 = @
72 9.737539 9.2074186 8.216868 0. N uNd 1.059300  -9.122118 h
73 0.762538 9.318356 0.231 109 [ LLLY 1.07578%6 -9.15721S -
74 0.787537 9.339439 0. 244641 9. NN 1.091943 =9.192339 -
75 9.812536 8.361918 8.257491| [N LALLY) 1.107753 -9.227118
76 0.837535 .384531 0.269679 Q. 0N 1.123289 -9.261779
7 8.862534 9.40781 1 9.281197 Q. MW 1138000 -9.295250
79 9.887533 9.431589 9.292019 Q. ¥ UW) 1.156313 -0.337059 B
. 73 8.912531 8.455491 9.302015 9. NN 1.150731 ~9.324208 L)
80 0.937527 9. 4806834 8.311029 9. xn\0 1. 227682 -9.507243 . )
81 9.9R2521 9.505916 8.31863S 0. (W9 1.189794  -9.415610 4
82 8.987512 9.531485 8.323s38 8. L9 1.242523  -9.543878 ®
UNIFORN ERROR (EPS) s  -8.74787S4E-03 -
CL » -0. 9088286
CD o 9. 2866034E-02
CIRCULATION «  -0.4525191
POTENTIAL FLOV VELOCITY DIAGRAI R
UPSTREAM VELOCITY « #9175 AT 9.00004 DEGREES
ONSET VEIOCITY o 1 00009 AT 28.90546 DEGREES
DOWNSTREAN VELOCITY » 1.27056 AT  45.42360 DEGREES

€®® NOTE: ALL VELOCITY QUANITIES ARE SCALED BY THE ONSET VELOCITY eee

Table 6 Results from direct method
(inlet condition specified)
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CONTRNI. CONTROL POINT COORDINATE SOURIE NORMAL TANGFNTIAL
PUINT X y DENSITY YELwOLry VELOCITY
1 0 9874u7 9.531406 -60.332912 O.txxuN¥)  -{.011293
2 0.962497 0.50543S -4.335192 WoNnra) - S20S96
J 9.93750% ©.479427 -9.33426) TRLLLELL =1, INOOS?
4 0.912511 9.453518 -$9.331771 D ARRRUN) =1.3%018
S Q.%87S1S Q.427783 -0.327%4S8 CRTLTETY] =1.297782
6 0.862S19 0.402238 =41.372764 [(VNLTLEY Y] =13y
? Y. N37522 9.377197 -0.316734 Q. uimmany =] 312422
8 0.%1252S 9.352270 .+ -0 31r34R3 Dowunnn) =, 3179097
9 9. 7SS 9.327x31 -0.301243 (NN -] 322764
19 @.762531 9.303837 -0.291927 DRITELY T =1.32708S
11 0.737534 9.2%0338 =8, 2N dRS Q. oennun) =1.3r3a5
12 9.712837 0.257%9 -0 2097N0 O umnan) =, 334434
13 0. FR7539 0.234986 ~.25RT ) TRLITITYY -1.337655
14 0. AR2S42 0.213232 -0. 242481 ROMURNY <1 306R6
iS €.637544 9. 19215¢ =4}, 226666 4 tunuNn) =1.343548
16 0.6{2847 9.171°43 -0, 209W%S DALY 1L ] ~t.34h 364
1? 0.587549 a.152174 0. RS Hoomnuny =1 349143
iR #). SKISS) 9.1333R2 RN S LR T LT -1.351919
19 0.537852 Q. i I53S =t 147744 O Awnnny =1.354710
20 V.513583 0 iyN2TI9 9. (23753 CRULLITY -1.387511
21 9.4%7553 Q.082078 -4 T4 O IRuuR) =1 360110
22 B 462554 UGN S 4. 070242 B IRRENNY -1.363148
23 9.43759) Q. US2S2) BNV AT Y Q. AnNReN) “1.365%01
24 0.41285) 9.131228 -~ IWINYDS DXVELTE ] =1.368391
2 . IRTSS2 0.6 6] D ETRELLY] DRLTYLS ] ~1.370762
26 . JR2550) V.015759 U.0h0714 BRLITTY 1) ~-1.372792
27 €.3137548 D.NSHS3 LU Thd U.(NuHKN) -1.374249
I 0.312548 -0.un3320 0 139479 O tHuRnKY =1.374563
29 V. 287541 “0. 018 Y (%2574 O imunn) =1 374184
0 9.262536 -9.01769) G.22831S O.iunnnn) -1.37156S
N 9.237520) =0.922MW Q. 2768013 LAY ATLY ) =1.366069
J2 9.212523 ~0.920)44 0 32N048 DALY ) =1.356300
33 0..197514 0. 023482 Q. INISKRS Q. annpunw) -1. 340608
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Table 7 Results from direct method
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SPACING S

INLET ANGLE
OUTLET ANGLE
PARABOLIC LOADING INPUT PROPORTIONAL TO x(1-x)

B el JBadl 2o “ S S S G IS0 A YA~ e i S S M NI B B P i N

X F(X)
zero
thickness

result
0.00000 0. 0.00000
0.05000 -0. ~0.00809
0.10000 -0. -0.01633
0.15000 -0. -0.02324
0.20000 -0. -0.02768
0.25000 -0. =0.02841
0.30000 -0. -0.02380
0.35000 -0. -0.01293
0.40000 -0. 0.00382
0 45000 0. 0.02583
0 50000 0 0 05269
0.55000 0 0.08403
0 60000 0 0. 11954
0 65000 ] 0.15893
0 70000 0. 0.20192
0.75000 0 0.24821
0 80000 0. 0.29744
0 85000 0 0 34918
0 90000 0 0 40285
0.95000 0. 0.45763
1.00000 0. 0.51216

Comparason of ’Zero-Thickness’ and ‘Finite-Thickness’
results in the zero blockage limit
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o DIRECT METHOD -]
7 INVERSE METHOD
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Appendix A : The Relationship between the Swirl Schedule and -
the Pressure Difference across the Blade -~

Consider the cascade geometry shown below

3 o

r' -

- e
. Sy

L

el

3 - e e
B}  JRRY

Under the assumption of incompressible, inviscid and uniform inlet flow

1 ,—[-Y(:r.v.v‘*rlv,"m et

condition, Bernoulli's equation is valid everywhere. We can write: :
- + T - I - w
; P + i V"') = P + T )
‘ 2 3( 2 << )
z Therefore
: AP = PT_PT x (VT VI)(VT-VH) (Aa-1)
¢ We can do the following approximation:
g
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To estimate ( V~ - V+ ), we consider the circulation along the closed

path@-@-@- @shown in the figure. From Kelvin's theorem, we can write

f+a-T _;.

N =f Vy(x+aX,y) dy = (4-2T) T/;j (X+4%)
-f—-c»T

]

3

1

|

- - - d
r;_:-!.dg Z—VAX q

-
1)

faaT _
fy - -«[”- VyCr9) Ay == (A-4T) Vr, (%)

P = V*.odtt » V*ax

AX

R

|<L” | = Ax\/n LN
Substitute the above relations into (A-2), we obtain
(VToVv?) ax = (A-zr)[Vry(xmx)-TITn(x)J

and thus, in the limit of AX 5 O
(V- Vvt) «» v"/'j ‘

Therefore, equation (A-1) reduces to

Ap  x Vo (V) -9

and we conclude that the pressure difference across the blade is directly

= —

/
proportional to the swirl schedule VT . We will call V'r the swirl

schedule or the loading distribution.
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Appendix B : The Bound Vorticity

In this appendix, we will show the relationship between the bound
vorticity (vortices distributed on the blade camber lines to model their
presence) and the swirl schedule (or the gradient of the pitch average velocity

g -{ defined in chapter 2).

Jl g A

The flow is assumed to be incompressible and inviscid, and the far

upstream flow is assumed to be uniform. The flow is thus irrotational and

the vorticity must lie on the blade camber lines (see figure above). Therfore,

we require:

2.V = o (B-1)

Ay

Moreover, by vector identity
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v. L. = O (B-2)
To satisfy both equations (B-1) and (B-2) and the conditon that the vorticity
direction must be normal to the x-y plane (2D assumption), we can write the

vorticity field as

o = 48, (I x V6) (B-3)

~N

where S P(c() is the "periodic delta” function defined in Appendix C.

To find out what G is, consider the circulation around path C shown

in figure. we may write, by Stoles theorem,

fg.ag =ff . dh (B4
c A

Note that the line integrals along path @and @cancel out each other exactly,
and by substituting equation (B-3) into the right hand side of equation (B-4),

along with the definition of the pitch average velocity, we can show that

f+A ++A
V.](X*AX,*:)JJ —[ Vy(xyy) 4y
‘F ‘[‘ f-+A

= AX [C 45, (- :_‘g)aj

and finally, by taking the limit as AX >0, G in equation (B-3) is

defined as

G-z_Vn
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Appendix C : The Periodic Generalized Functions

The Tperiodic delta” function, the ”sawtooth” function and the

"smoothing” functions are constructed in this appendix.

1. The "periodic delta” function

The ”periodic delta” function may be expressed in a Fourier series of the

form

where 4 is the spacing between blade camber lines, and o represents

the blade camber’s surfaces.

The plot of SP vs & looks like

4
%)
- 24 - A (o] A 2A 34 *:<
It has the property
h4
Sf, (04) dx = /.0
(n-1)A

for any integer W .

.
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2. The "sawtooth” function

The ”sawtooth” function may be expressed in a Fourier series of the

form

;(2""-)«

S) =) S

cf 21w
n %O L ( —_ )
The plot of S vs oK looks like

S(x)‘

\\\\\.\.t

g .
d -24 4 24 34 « ‘““)
)
R

; A S
e 2
-
Its properties are: -

- It has first derivative related to the “periodic delta” function by
@

/ =
S} = [48)-1]
- It has zero average between & lines
nA
-S(d) da = O
(1) 4

It has a jump in magnitude of 4 everytime an o¢ surface is
{ crossed

'_..A,u.-!

It reduces to a polynomial form when (n-N4 <« & <

E A for any integer n. . Its polynomial form being
’ 4
| S(x) = £ - x
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The ”smoothing” functions

The ”smoothing” functions Ik (x) are defined as

e,;)‘"x
‘Ll‘(“) :Z i e+l "&: l;?';j)"'
n;o (tk‘l\
where
2

Their properties are:

- they have derivatives of the forms
VIL‘ (ﬁ() = IL.-' (.{) Va(

- they have zero average between o< lines

nA
f IL(K) AK = O
(n-1)a
- they have polynomial forms in the intervals (h-I)d< X <
n A for any integer n . -
L AX xt
[ 2 2
L T 3 -
= J(«x = -/‘J_:( é.i( - fi
I, () (=) — + ” p
. ¢ L2 3 4
I}(“) = K(al) = - ﬁ- - A._i( + /1:.<.. - = -
720 24 12 24
[ ]
[

........
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Appendix D : The "Physical” Representations of ,8 and 5
In this appendix, we will show the ”physical” representations of
/_II and § . We will also find the strength of the vortices, sources and

sinks which model the presence of the blades.

Consider the pitch average velocity M of the 'Finite-Thickness’

problem. By definition

f+4
ya

-—

. using equation (4.2-16) for V.,_ .,V  can be shown to be

. ~ ~n

"4 - - A - A )
¢ Voo (V#+p) e + ((Vry-3) 24 (D-1)
g - -

Since Vg4 and 'VT.') are the gap average velocity components,

/S and -9 represent the x-component and y-component of the
"imaginary” flow in the "blade” region respectively. We expect these variables

to be proportional to the blockage distribution.

Consider the curl of V

Ix V = (Vi -¥) (D-2)

In chapter 2, we have shown that if the vorticity is distributed along the

blade camber, then its strength is related to the gradient of the y-component

q

!

9 of the pitch average velocity. Equation (D-2) is indeed the case. :_fj:::

V" :::

- Consider the divergence of

- - -7 p T

q - -

{. VoV = (Vo) o (D-3) _o

E Since the flow is incompressible, ( V.“+ /5 ) represents the source/sink : "1

b -/ / 1

E distribution. Note that the boundary conditions ( Vn+ /5 ) = 0 )
© 4

.'_ (equation(4.2-17)) at X == 0 and X =1 are the conditions required for - ‘!

the blade profile to close there.

g . » s . . » T
ROA ¢ - e

“
AN

. ’
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Appendix E : Numerical Difficulties

In this appendix, we will attempt to understand the convergence problem
encountered in the iteration process for the blade camber line + when

"partial smoothing” is used. We study the mathematical behavior of

/5 and S

By combining A;, B, /‘ and 9 in the "partial smoothing”
forms of equations (4.3-1) and (4.3-2), we arrive at the following boundary

value problems:

FOO () X" & FOFE (3-5") X"+ X
- Ve (), [ g ey

with boundary conditions

X’(o) o

X' (n

O

and

F(x)({,v-l))/”+ F(X)}/-F"(J-‘fn) Y/+ Y
- D?\n. /t n LY ny .,/
- Ty Gy, + a0

with boundary conditions

Y’ (o) 0
Y (1)

where

)
o)

X

11}
<
-.
P 3
+
“on

A

"‘LL" -.f_-"‘.. LL '\‘.'n "A'_"‘_A _‘

§: + o1

" -;.:.:.u': .

o
.4
S
o
- .
N
I.- » 9
-™ .
. o
R
. ._'
oy
U
L.
* D
L.
!

LT :
P
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Y "'V-r + C

Fix) = S Y
8 Ser) \ 1+ 4 ii?l' ]

Since -{ itself is a function of /3 and g , we have a boundary value

W

problem consisting of two coupled non-linear second order ordinary differential

? equations. In solving them iteratively, we expect that certain difficulties can - %
»» arise. e
- The strut problem

¢ | 4
-, We study the mathematical behavior of /3 and by first consider -

the case where .f is identically zero everywhere, but 7 is finite. This

is the case of a symmetric blade (or a strut). In this case, Y is also

identically zero everywhere, and the above boundary value problem reduces to

SO LT (B
5(T) 5("' ) Tx s
with boundary conditions ~—g

/-"/(D) = - T/T/x ()
A1) = = Vg (1) .

Consider the homogeneous solution of the above differential equation by

(E-3)

. assuming /£ to be of the form
! i E(x)

/5:&

Substituting it into equation (E-3), we obtain

! I Gie'-Et) e = oo
. 5¢T)

” e
Assume £ << £ . Then

.............
..................................................

...........................
.......................................
.....................
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E(x) = :[1 [ S qx
I(r)

Consider the case where T/ A << 1. Then, by definition
s(r) o~ F(s)
T(T\ ~ & (— /“'T)

and thus

I I
—;(_-:) N &(E)

It can be shown that under the assumption of T//S << 1, we can say
f” T . v N~
that /5’ ~ O(T) and the assumption & «EI is justifiable, except

perhaps near X = 0 or 1.

Finally, we can write

/$~z

As an example, let

T(x) = 2 A (BLOCK) X()-x)
where BLOCK is defined in subsection 4.5.1 . Then, it can be shown that

2 _'R)

/" ~ e,tl A BLOCK (5‘"

tif ;',-(-\X

With the assumption that T/A << 1, we conclude that /; can

be a highly oscillating function, having a "natural frequency” of the order of

......
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Finally, we look at the amplitude of / . By definition, i.e. equation

(4.2.13) in "partial smoothing” form

_ () / / ‘)\PM_
Ao (*5-8.4") - ).

Therefore, the above analysis shows that ﬁ behaves like
Ao~ O(aT)

~/ /
and thus, the source/sink distribution ( vTx + % ) oscillates.

A computer program was written to solve the differential equation (E-3)
using the Chebyshev collocation technique [7], [8]. Numerical results show that

/; oscillates with a natural frequency in agreement with the above analysis.

In classical aerodynamics we know that, for a smooth blade with finite
thickness, the source/sink distribution used to model its presence should exhibit
like a “sine” wave with a singular point at the leading edge. Numerically, in
order to resolve this singular point, we would need an infinite number of terms
in the smoothing series. We conclude that in the case of "partial smoothing”
(by using only two terms in the smoothing series), we are unable to represent
the usual source/sink distribution. However, such a representation is also not

necessary.
-/

Accordingly, we will call ( vTx + /5/ ) the “modified” source/sink
distribution, and show that it can be used to produce corresponding blade
shapes satisfactorily. Thus we seek a practical method for the design problem,
using "partial smoothing”, without necessarily having to go into more extensive

mathematical development.

re

R
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The loaded blade problem

From the above discussion of the strut problem, we expect expect both
/5 and ¥ to have oscillating behaviors when the blades are loaded.

Two iteration schemes for -f were investigated using "partial smoothing”.

We note that equations (E-1) and (E-2) have certain symmetry. Rewrite

them in operator forms:
2 {x} - £V}
y ff, {Y} + 3,_ {X}

- where

2,{ }
L) e [af e < 502 [

-, 3"!-\.
54 = VTK = '3—; )-r

kY . (')"Vm,

Y 29 T
The boundary condmons remain the same as in equations (E-1) and (E-2).

S,
o

(E-4)

[Foc) (4" 3‘;1, . Ff 572 +z]{ f

W

11

3
& Method 1

In this method, we attempt to solve equations (E-4) simultaneously for

/5 and S using the Chebyshev collocation technique.

We express ﬂ and as Chebyshev series and convert equations

(E-4) into matrix forms:

[ ) .o - . 0 S .
B T TR T A VDS PP W A5 ST VAL WA SAE W AAE WRAS WURE. S SN WO SV WD . SR St W RN W WL S . SN, WAL, W, W S B ot S




-101-

[4]{x} - [e]8Y]
[(A1178 + [s]1x3

which can be arranged in the form

1 1
I‘L— o~
(VI

[ ]
— o

\ ' \

(4] | -1] | | 188 fs3

---------- Q-===ad = <-----r

RN ORENCY R

/ \ /

X  and Y are solved by inverting the above matrix using an IMSL

subroutine [9].

Results show that when more than approximately 11 collocation points
are used in the calculation, convergence in -)[ cannot be achieved. /‘ and
) are found to oscillate and their Chebyshev coefficients fail to converge.
When around 51 points or more collocation points are used in the calculation,
the iteration process diverges rapidly. Two conclusions can be made from the

. results of this method:

1. /4 and 5. pocess oscillating behavior as predicted by the

analysis of the strut problem. By using more than 51 collocation
° points, the numerical -calculation tries to resolve the Gibbs
phenomenon at the leading edge, but fails to do so because of
”partial smoothing”.

o

. The iteration process can diverge rapidly because of the very
P nature of the iteration process. We note that even though we are
solving X and Y simultaneously, we are in effect solving
equation (E-4) iteratively because _F and its derivatives are

....................
...............

..................................

........
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updated at every iteration. We can therefore look at the iteration
process of method 1 as if we were attempting to solve for
X and Y in the following manner:

a. First update

L] - L] - s
b. Then update
0((' {Y.“f - . ‘Zz{x“f + 5:'

!
}
F
:,i where w is the iteration level in the iteration process for f
.

Since operators oY a2 and 24 ¢ are both expected to have normal
mode solutions of oscillating behavior, we conclude that there is a
chance for a driven reasonance to occur during the iteration
process for -f , which can lead to divergence of the iteration
scheme itself. We think that this is indeed the case. When too
many terms are kept in the Chebyshev series, higher modes are
present resulting in a greater chance for reasonance to occur.
When fewer terms (around 10) are kept in the Chebyshev series,
we are staying away from the natural frequency of the operators
48, and &£, resulting in a stable iteration process.

Method 2

In this method, we use the iteration process described in section 4.3 .
Derivatives are computed numerically using two methods: Chebyshev
collocation method, and finite difference method. Numerical results show that
similar problems as in method 1 were encountered here. This should be

expected, as observed above, because iterations are being used.

We decided to use method 2 for our design method because of two

reasons

Ao At - o
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“ 1. method 2 is much more efficient than method 1 (faster, cheaper
_ and simpler). In method 1, we are required to invert a matrix at
- each iteration of -f- . In method 2, we are required to compute

derivatives instead.

2. method 2 can easily be modified if we wish to keep more terms in
the smoothing series. Equations (E-1) and (E-2) are only valid when
b the first two terms in the smoothing series are kept.

Finally, the finite difference scheme (central difference) is used to
. compute derivatives because it is numerically more stable than the Chebyshev

collocation method.

A computer program was written using the above method. It is found
that when around 11 points are used in the calculations, convergence in
-7‘: is achieved in about 10 iterations. When more than around 20 points
are used in the calculation, -}: fails to converge. In order to resolve this

problem, we propose to use a filter. The calculation procedure is:

1. when more than 11 points are used in the calculation, iterate for
ﬁl using a “filter”.

2. when 11 points or less are used in the calculation, iterate for
—)L without using the "filter”.

Filtering l_nethod

Two different "filters” are developed for the above iteration scheme:

: 1. ‘f' is filtered using a least-squares chord-wise fitting method 4

¢ (10]. The combination (G,.'+ R AT‘F’) in equation (4.2-22) is -

) filtered using a fourth order polynomial. The motivation for using R
a polynomial curve fitting method is that we expect 7(- itself be
represented by a polynomial of low order.

1
¢ 2. the pressure coefficients are filtered by taking the average of the . o
maximum and minimum envelopes of the CF curves. The

......................................
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C p curves are filtered only near the leading edge region (0 < o
X < .4). The envelopes are constructed by straight lines going "q
through the maximum and minimum points of the Cpg curves.
This procedure has been chosen to date for its simplicity, it clearly
admits improvement possibilities near the leading edge. But, till o
now at least, this approach has compared adequately with known "4
results (see Text). B
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Appendix F : Computer Code of ”"Zero-Thickness” problem

PROGRAN NAME  THIN FOR

MAIN PROGRAY FOR INVERSE DESIGN OF COMPRESSOR BLADES
2-D INCOMPRESSIBLE, INVISCID, INFINITELY THIN THE
LOADING DISTRIBUTION IS OF PARABOLIC FORM

S - SPACING
ALP1 - INLET ANGLE (DEGREE)
ALP2 - OUTLET ANGLE (DEGREE)
IJX - NUMBER OF POINTS
ITER - MAXIMUM NUMBER OF ITERATIONS ALLOYED
ERR - CONVERGENCE CRITERIA °ERROR®

-

® % & % 8 08 0 0 e e s
-
E 3
|
"
® 8 8 8 0 % & 2 0 0 8

4
REAL X(101) VMY(101) DVMY(101) DDVMY(101) FM(101) A(101) i
1
-4

A0 o0O000O0Naa0a00N0N

1.DA(101) FNEW(101) .F(101) DF(101) ,DDF(101) PLOT(3.101)
COMMON/S, A0, Al B0, B1. P1 IJK X, NMAX, COR

READ STATEMENT o]

[e]

READ(1.+)S.ALP1, ALP2, I1JK, ITER.ERR )
¥RITE(2.50)S ALP1.ALP2, 1JK o
50 FORMAT(5X, *SPACING S = * F6 3/5X, 'INLET ANGLE ALPY = * F7 3/ of
15X, "OUTLET ANGLE ALP2 = * F7 3/SX, ‘WUMBER OF POINTS IJX = * .
1.13//0
¢ .
C INITIALIZE VARIABLES FOR CALCULATION PURPOSE
c
NUAX=20
P1=3 141592654 ]
RAD=57 29577951 ol
TANI=TAN( 017453294*ALP1) 4
TAN2=TAN({ 017453294sALP2) -4
xIJK=1JK-1
DX=t /X1JX e o
XX=1 +DX .
SUN=0 ]
DO 5 N=1,1JX s
XN=N ol
SUL=SUM+ (1 /(XNeXN)) -
5 CONTINUE S
COR=1 6449341/SUM S
C COMPUTE COUPUTATIONAL LOCATIONS
¢
D0 10 I=1,IJK
J=1JKe1-1
XX=XX-DX
X(I)=XX
PLOT(3. J)=X(I)
10 CONTINUE
C
¢ COYPUTE INPUT FOR PARABOLIC LOADING CASE
c

D0 1S5 I=1 1)K

J=1JKey-1

XX=x(I)

CONST=6 «(TAN2-TAN1)

VNY(1)=CONSTe( SeXXeXX-XXeXX#XX/3 )+TAN1
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DVUY (1) =CONSTsXXe (1 -XX)

DDVXY(1)=CONSTe (1 -2 »XX)

FU(I)=CONSTs (XXes3/6 -XXse4/12 )+TAN1eXX

PLOT(1, J)=F¥(I)

DF (1)=vuY(I)

DDF(1)=DDVMY (1)

DEN=1 +DF(1)sDF(I)

F(I)=F¥(I)+ 08333333sSsSeDVNY(I)s (-1 +DF(1)eDF(I)/DEN)

15 CONTINUE
FNES (1JK)=0
F(1JK)=0

c

C START ITERATION PROCESS FOR CAMBER LINE

ok
OLDERR=100
DG 1 KI1T=1. ITER

o

* C COMPUTE A AND ITS DERIVATIVE

c
DO 100 I=1, IJK-1
DEN=1 «DF(1)eDF(I)
A(1)=-DF(1)sDVMY(I)/DEN
TERM1=-DENs (DDF (1) «DVMY (1) +DF (1) «DDVNY(1))
TERM2=2 «DF (1) *DF (1) «DDF (1) «DVXY(I)
DA(1)=(TER¥1+TERY2) /DEN

100 CONTINUE

¢

C COMPUTE EDGE VALUES

c
DENO=1 +DF (IJK)e#e2
DEN1=1 +DF(1)ss2
BO=DDVMY(IJK)s (1 -2 sDF(IJK)eDF(1JK)/DEKO)/DENQ
B1=DDVUY(1)e(1 -2 «DF(1)sDF(1)/DEN1)/DEK1
A0=-2 oDF (1K) *DDVYY(1JK)e (1 -DF(1IK)eDF(IJK)/DENOC)/DENO
A1=-2 eDF(1)«DDVXY(1)e(1 -DF(1)eDF(1)/DEN1)/DEN]

c

C UPDATE CAVBER LINE F(X)

c
XNOR¥=-2 oFSUM(IJK.F)/S
ERRMAX=0
SUYERR=0
XLOC=-1

00 101 I=1 1)
DF(1)=V¥Y(I)+ 08333333¢SsSs (-DDVMY(I)-A(1)sDDF(I}-DA(I1)eDF (1))
1-2 sDFSUM(I.F.DF)/S
101 CONTINUE
DO 102 I=1 1JK-1 .
FNEK(I)=F¥(1)+ 08333333¢5¢Se (-DVUY(I)-A(1)#DF(1))-2 oFSUM(I,F)/S
1 -XNORY
ERROR=ABS (FNE¥ (1) -F (1))
SUXERR=SUXERR+ERROR
IF(ERROR GT ERRMAX)XLOC=X(I)
IF(ERROR GT ERRAAX)ERRXAX=ERROR
102 CONTINUE

[of
C CHECK FOR CONVERGENCE IN F(X)
c
¥RITE(2 55)NIT ERRKAX, XLOC
55 FORUAT (10X, "ITER 8' 2, ' ===-~ ERRUAX = ' F7 §

1.0 AT X = ' FB8 S)

ST R WL e W, T WA Tt
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AVGERR=SUMERR/XI JX
IF(ERRUAX GT (1 1eOLDERR))WRITE(2.54)AVGERR
54 FORMAT (//2X, 'esees ITERATION SCHEME DIVERGES 111} seess'/
1 x,’ AVERAGE ERROR = °,F9 5)
IF(ERRMAX GT (1 1sOLDERR))GO TO 998
IF(ERRMAX LE ERR)GO TD 998

c
C UPDATE VALUES FOR NEXT ITERATION
[
D0 103 I=1,1JX-1
F(1)=FNE¥(I)
103 CONTINUE
OLDERR=ERRMAX

CONTINUE

<
1
c
998 CONTINUE
<
C
<

WRITE(2.60)
60 FORMAT(//T10, °X* T25, 'FM’ T37, ‘FLOW ANGLE’ 155, °'F’' T67
1. 'BLADE ANGLE'/)
Do S01 I=1,1JX
J=1JKe1-1
PLOT (2. 1)=FNE¥(J)
ANGLFX=RAD®ATAN(VUY(]))
ANGLF=RAD¢ATAN(DF(J))
WRITE(2,61)X(J).FU(J) ANGLFM FNEW(J) ANGLF

61 FORMAT(S(5X.F10 5))
501 CONTINUE

c

C CALL JCF PLOTTING SUBROUTINE
4

CALL QPICTR(PLOT.3.1JK.QY(1.2).QX(3) QLABEL(4)
1.QYLAB(*BLADE [#2) - MEAN STREAMLINE (#1]')
1.QXLAB(*AXIAL LOCATION X'))

sToP
END
c

C 99000000000 EEEOTRtINeteteesrssessosIIrsseseteessensee
c

C COMPUTE FUNCTION FSUM

c

FUNCTION FSUX(I.F)

REAL F(101).X(101)
COMMON/S.AO,A1,BO,B1,PI, 1JX, X NMAX, COR
REAL LAMDM

SUN=0

DO 100 K=1 NMAX

¥

LANDY=2 ePleX¥/S
DELFO=(F(1)-F(1JK))eLAKDY
DELF1=(F(I)-F(1))eLANDYM
TO=EXP(-LA¥DN®X(1))/LAMDKes3
T1=EXP(-LAKDNe¢ (1 -X(I)))/LAMDNee3d
TER20=B80+CCS(DELFO) +AOsSIN(DELFO)
TERY1=-B1+COS(DELF1) +A1¢SIN(DELF1)
SUX=5Ui+TOeTERKO*T] ¢ TERM]
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100 CONTINUE
FSU¥= 5eSeCORsSUM
RETURN
END
c
C SOSS000O0ESLSNOCCHOORPETSEREESSRONGOREEERINTECIPROSREINES
c
C COMPUTE FUNCTION DFSUM
c
FUNCT1ON DFSUM(1.F.DF)
REAL F(101) .DF(101).X(101)
COMMON/S.A0.A1.BO,BY, PI.IJK X NMAX,COR
REAL LAMDM
SUK=0
DO 100 M=1,UAX
=y
LAYDN=2 sPleX}/S
DELFO=(F(I)-F(1JK))sLAMDM
DELF1=(F(I)-F(1))sLAMDM
€0S0=COS{DELF0)
€0S1=COS(DELF1)
SINO=SIN(DELF0)
SIN)I=SIN(DELF1)
EXPO=EXP (-LAMDM*X (1)) /LAMDMes2
EXP1=EXP (~LAMDM® (3 -X(I)))/LAMDMes2
TERNOO0=-EXPO® (BOSCOSO«A0sSINO)
TERY01=DF (1) sEXPOs (~B0OsSINO+A0COSO)
TERM10=EXP1+ (-B1¢C0S1 +A1¢SINL)
TERY¥11=DF (1) sEXP1e (B1eSIN1+A1eCO0S1) o
SUY=SUM+TERYOO+ TERKO1 « TERM10+TERM11 -
100 CONTINUE S
DFSUX= 5¢SeCORsSUM ¥l
RETURN
0 -9

c -

C 9880802820 0¢EER00SUCRREIEIESES¢Rt0EtOREREtRRIERsRsRES --':: <
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Appendix G : Computer Code of "Finite-Thickness” problem

PROGRAN NAME  THICK FOR

MAIN PROGRAM FOR INVERSE DESIGN OF CCMPRESSOR BLADES
2-D INCDYPRESSIBLE. INVISCID SITH FINITE THICKNESS
USING THE CENTRAL DIFFERENCE LETHOD TO COMPUTE
DERIVATIVES

OO0 O00 00
s e » » o & o

[¢]

aoa

REAL X(101) T(101),DT(101).DDT(101) .RS(101) RI(101) RJ(101)
VUX(101) ,DVMX(101) ,DDVMX(101) . YNY(101) .DVNY(101)
.DDVHY(101) ,Fu(101) .F(101) FOLD(101) DF(101) DOF(101)
.BETA(101) ,DBETA(101) DDBETA(10%) DELT(101) DDELT(101)
.DDDELT(101) ,PHIHXB(101) ,PHIHYB(101) ,DPHIHX(301) DPHIHY(101)
.XLOAD(101) . XILOAD(101) .CPT(101),CPB(101)

. Y(101) ,VXT(101) . VYT(101) VXB(101) VYB(101) PLOT(6.101)
LAAAI(10,10).0SC(101), SM0SC(101)  SUCF(101),0PT(101)
LA(101) .DA(101) ,DDA(101) ,B(101) .DB(101)

REAL LAMDM

COMZON/COMM1/S.A0.A1,B0.B1.P1
COXON/COMM2/T. DT, DDT. RS, RI.RJ, DVMX. DVMY DDVMX, DDVMY FM
READ(S.s)BLOCK.S.ALP1 ALP2. [JK MMAX ITER, ERR,CA. CB.CC.CD, NOPT
1. IPOSER, BLADET BLADEB, PRESST. PRESSD
YRITE(1.1)BLOCK.S.ALP1 ALP2, IJX, ITER ERR NOPT CA CB.CC.CD
FORY¥AT (///5X. ' INPUT PARAMETERS'//TS, 'MAX BLOCKAGE = °,
1F10 5/TS. ‘SPACING = * F10 5/T5, 'INLET ANGLE = ° F10 S/
115, *OUTLET ANGLE = *_F10 §//

175, 'NUXBER OF POINTS IJX = ' 13/

1TS, 'MAX NUMBER OF ITERATIONS ALLOWED = ' 13/

ITS. *MAX ERROR IN F(X) ALLOWED ERRMAX = ' F10 6/

L I

-

1TS, *FILTERING OPTION = ° 11//T7, 'BLOCKAGE AND LOADING PARAMETERS'/
179.°A = * F$ 2/79.'B = * F5.2/19,'C = ' FS 2/T19.°D = * F5 2//)

INITIALIZE VARIABLES FOR COMPUTATION

PI=3 141592654

RALP1= 017453293«ALP1
RALP2z 017453293sALP2
RAD=zS7 29577951
TAN1=TAN(RALP1)
TAN23TAN(RALP2)

VYNz Se(TAN1+TAN2)
VONSET=(1 +VYNse2)se §
AVPT=SeBLOCK/ (2 *((CA/(CA+CB))eeCA) e ((CB/(CA+CB))esCB))
X1JK=1JK-1

DX=1 /XIJK

XXx§ DX

SUu=0

00 666 N=1 NMAX

XN=N

SUN¥=SUM+(1 /(XNeXN))
CONTINUE

COR=z1 644934068/SUM

COMPUTZ LOCATION

D0 20 [=21.IJK
XX=XX-DX
X(I)=xX
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20 CONTINUE
IF(NOPT EQ 1)CALL SMAI(IJK, IPOJER X AAAI)
4
C COMPUTE THICKNESS INPUT
c
T(iJX)=0
T(1)=0
00 21 [=2 IJK-1
xXxX=X(1}
T(1)=AMPTe (XXeeCA) o (1 -XX)eeCB
21 CONTINUE
CALL DERIV(IJX.DX.T.DT)
DT(1)=0
CALL DERIV(IJKX.DX DT,DDT)
c
C COMPUTE INPUT LOADING
c
XLOAD (IJX)=0
XLOAD(1)20
DO 22 1=2,1JX-1
X=X(1)
XLOAD(1)=(XXesCC)e ((1 -XX)eoCD)
22 CONTINUE
[+
C GENERATE Y-COMPONENT GAP-AVERAGE VELOCITY
c

XLOADO=0
CALL XINT(IJX.DX, XLOADO.XLOAD, K XILOAD)
AMPY={TAR2-TAN1) /XILOAD(1)
D9 23 I=1.1J
VAY (1) =AMPYsXILOAD(I) +TANY
DVMY (1) =ANPVeXLOAD(I)
23 CONTINUE
CALL DERIV(IJX, DX, DVMY, DDVMY)
c
C COUPUTE FUNCTIONS
[+
00 2 1=1. 1)K
xx=x(1)
RS(I)= 5eS-T(1)
RI(1)=-(S¢5/12 )+( 5eSeT(I))~( SeT(I)ee2)
RI(I)=-(SeSeT(1)/12 )+ ( 25¢SeT(1)0e2)-(T(1)we3/6 )
ViX(1)= 5¢S/RS(I)
DVEX (1) =( 5¢SeDT(1))/(RS(1)ee2)
DDVEX(1)=( SeSeDDT(I)/RS(I)e42)+(SeDT(I)ee2/RS(1)9s3)
DF (1) =v¥Y(I)/V:X(1)
DDF (1) = (VMX (1) sDVXY (1) -V2Y (1) eDVMX (1)) /VMX(I) 002
2 CONTINUE
Fu0=0
CALL XINT(IJK.DX, FMO.DF, FN)
c
C CALL SUBROUTINE TC COMPUTE EDGE VALUES
[+
DDTH=2 *DDT(1)/S
R10=RI(1)
vYYizveY (1)
DDVEX1=DDVUX (1)
DDVHY1=zDDVXY (1)
F¥1=FN(1)
DF1=VY(1)/V¥X(1)
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F1=sFE(1)

CALL EDGE(ERR.WMAX. S TANI.TAN2 DDTH.RIC.VMY1 DDVMX1. DDVMY1
1.F¥1 FO F1 . DFO.DF1 A0, A1.B0.B1 CCR)

FOLD(1JK)=FO

FOLD(1)=F1

DF (1JX)sDFO

DF(1)=DF1

F(IJK)=FO

F(1)=Ft

F FOR ITERATION PURPCSE

DELF0=-2 sFSUM(IJK FOLD.T.RS. X.NMAX COR)/S

DO 130 [=2,1JK-}

TERM1=RI(1) +RS(I)sRI(I)

TERM2= (-DVNY (1) -DF (1) sDVMX (1)} /(1 +DF(1)ee2)

DELF=-2 «(TERM1¢TERM2+FSUM(I FOLD T RS X.MMAX COR))/S
FOLD(1)=FM(I) *DELF

CONTINUE

CALL DERIV(IJK DX, FOLD DF)

DF (1JX)=DF0

DF(1)=DF1

C CALL GUESSING SUBROUTINE FOR DBETA AND DDELT

4

c

10

12
11

~

CALL GUESS(IJK.S.X.T DVMX DOVMX, DBETA.DDBETA DDELT ODDELT)

SRITE(2.10)

FORMAT(SX. ‘GUESS INPUTS'//T10,°'X* T25, 'F’' T40, 'BETA’ TS5, *DELT®
1,770, 'DXX* . T8S, ‘DYY*/)

Do 11 J=1,.10K

121 Ke1-1

DXX=DVMX(1)*DBETA(I)

DYY=z-DVYY (1) »DDELT(I)
TRITE(2.12)X(1) . FOLD(I).BETA(I) DELT(I), DXX.DYY
FORMAT(6(SX_F10 5))

CONTINUE

C ITERATION PROCESS FOR CAMBER LINE

[+

110

NNNN=0

OLDERR=100

OLDER=100

DBETA (I JK) =-DVMX (] JX)
DBETA(1)=-DVMX (1)
DDELT (1 JX) =DVYY (1JX)
DDELT (1) =DVKY(1)

DO 999 NNN=1 ITER
NNNN=NNNNe1

CALL HOMOB(NYAX 1JX FOLD.T.RS.X PHIHXB.PHIHYB COR)
CALL DERIV(IJK.DX, PHIMXB.DPHIHX)
CALL DERIV(IJK. DX, PHIHYB, DPHIHY)

DO 110 I=1,1JX

DEN=) +DF(I)ee2
A(D)=(DF(1)o(~DVMY (1) +DDELT(I)) +DVKEX(1)+DBETA(I))/DEN
CONTINUE

CALL DERIV(IJK.DX A, DA)

CALL DERIV(IJK.DX DA, DDA)

. A S L T L I
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D0 1131 Is1,1JK

DEN=i «DF(1)ee2

B(1)=(DDVKY(I)-DDDELT(I)+A(I)eDDF(I)+2 sDA(I)*DF(1))/DEN
CONTINUVE

CALL DERIV(IJX DX.B.DB)

D0 112 I=2,1J)K-%

TERM=DT (1) ¢ (RS(I)sRI(I)*RI(1))/RS(I)we2
DBETA(1)=RJ(I)e(DDA(I)-DB(1)#DF(I)-8(I)eDDF(I))/RS(I)
1+TERMe (DA (1) ~B(1) *DF (1)) -DPHIHX(])
DDELT(I)=-RJ(1)sDB(1)/RS(I)-TERMeB(I) +DPHINY(I)
CONTINUE

CALL DERIV(IJX, DX DBETA DDBETA)

CALL DERIV(IJX.DX. DDELT,DDDELT)

C COMPUTES CAMBER LINE

[+

18S

160

c
C SRITE
[+

162

163

165

166

<

DO 155 I=1.1JK
0SC{1)=(-DVMY(I)+DDELT(I)-DF (1) (DVMX(I) *DBETA(I}))/(1 «DF(I)e»2)
OPT(1)=0SC(I)

CONTINVE

IF(NOPT EQ 1)CALL SMOOTH(IJK.IPOWER X AAAI. 0SC.SMOSC)

ERRY¥AX=0

SUXERR=0

XLOC=-1

DO 160 1=2.1JK-1

TER¥1=RJ(1) *RS(I) RI(I)

IF(NOPT EQ 1)OPT(I)=SMOSC(I)

DELF=-2 «(TER¥1e0PT(1)+FSUM(I FOLD.T RS.X.NMAX.COR))/S

F(I)=FM(1)+DELF-DELFO

ERROR=ABS (F (1) -FOLD(1))
ERR=SUXERR+ERROR

IF(ERROR GT ERRMAX)XLOC=X(I)

IF(ERROR GT ERRMAX)ERRMAX=ERROR

CONTINUE

CALL DERIV(IJK DX.F.DF)

DF (1JX)=DF0

DF (1)=DF1

CONVERGENCE

IF(NOPT EQ 1)GO TO 165

SRITE(1. 162)NNNN ERRYAX. XLOC

FORZAT (15X, *ITERATION #° I3 ‘==---- ‘.CERRMAX =* F7 §

1. AT X = ' F85)

IF(ERRMAX GT (1 3eOLDERR))WRITE(1, 163)AVGERR

FORUAT(//2X, 'esees ITERATION SCHEME DIVERGES ''t!) seees’/
H 2 S AVERAGE ERROR = ‘' F9 5)

IF (ERRYAX GT (1 3+OLDERR))GO TO 998

IF(ERRUAX LE ERR)GO TO 998

GO0 TO 169

ERRAVG=SUYKERR/XI JK

SRITE(1,166) NNNN ERRAVG

FORYAT (15X, *ITERATION #° I3, *=~~=-=-'_ ‘ERRAVC =' F7 §)
IF(ERRAVC LE ERR)GO TO 998

C UPDATE VALUES

S Bhet Sialomnis it Ik T i had i e S g
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169 00 170 1=2,1JX-1 .
X FOLD(I)=F(1)
170 CONTINUE
OLDERR=ERRMAX
OLDER=ERRAVG
. c
= 999  CONTINUE
) (%
. 998 CONTINVE
c
C ¥RITE
c

WRITE(1,60)

60 FORMAT(//T10, *X* T24, "LOAD(X) * T40, *T(X) " TS5, *FM(X)* . T70. 'F(X)'/)
DO 501 I=1.1J)X
J=1JKe1-1
PLOT(1.1)=X(J)
PLOT(2,.1)=F(J)

q PLOT(3.1)=F(J1)*T(J)

PLCT(4.1)=F()-T(N)
PLOT(S, I)=BLADET
PLOT(6. I)=BLADED
TERX=AXPVeXLOAD(J)
BRITE(1,61)X(J), TERM, T(J) . FM(]) .F(D)

61 FORMAT(S(SX.F10 5))

501 CONTINUE
CALL QPICTR(PLOT.6.1JX.QY(2,3,4.5.6),QX(1) QLABEL(14)
1.QYLAB(*BLADE SHAPE') . QXLAB('AXIAL LOCATION X*))

it

. ¢
WRITE(2.70)
70 FORKAT(//SX. *OUTPUT*//T10, *X* . T25. 'F* . T40. "BETA" TSS, "DELT’
. 1,770, °DXX’.T85, 'DYY"/)
DO 71 J=1.1JK
- 1=1JKe1-J
DXX=DVXX (1) +DBETA(I)
DYY=-DVXY(1) +DDELT(I)
IF(NOPT EQ O)SRITE(4,7S)DBETA(J) DDELT(J)
75 FORUAT(2(2X.F10 $))
¥RITE(2.72)X(1) F(1) . BETA(I) . DELT(I) .DXX.DYY
72 FORZAT(S(SX.F10 §))
7 CONTINUE :
c
C CALCULATE PRESSURE COEFFICIENT
c
- DO 800 I=1,IJK
. YD =F(I) »T(D)
- 800  CONTINUE
CALL VEL(IJK. NMAX COR,X.Y.F DF DDF.RS.RI RJ PHIHXB. PHIHYB
- 1.V:X, DVMX, DDV¥X . VICY  DVY, DDVMY, DBETA, DDBETA, DDELT, DDDELT
1.VXT.¥YT)
) 00 801 I=1,1JX

Y(D)=F(1)+S-T(I)
801 CONTINUE
CALL VEL(IJK.MMAX.COR.X.Y.F DF.DDF RS RI RJ PHINXB.PHIHYS
1. V4X.DVMX, DDVMX . VMY, DVKY DDVKY, DBETA DDBETA,DDELT,DDDELT C
1,VXD. VYD) T
TRITE(1,799) R
799 FORYAT(//T10.'X*,T25.'Cpe’.T40, *Cp-" 753, ' (delta)P’/)
DO 802 I=1,15X
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805
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C SRITE

900

901

902

903
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C THIS FUNCTION COXPUTE FSUM(I)
c
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VT=(VXT(1)ee2+VYT(1)se2)ee §
VB=(VXB(1)#s2+VYB(l)as2)0e §
CPT(I)=1 -(VT/VONSET)es2
CPB(I)=1 -(VB/VONSET)se2
CONTINUE

DO 804 I=1.1JX

J=1JKe1-1

DIFF=ABS(CPT(J)-CPB(J))

PLOT(2.1)=CPT(J)

PLOT(3,1)=CPB())

PLOT (4. 1)=PRESST

PLAT(S. I1)=PRESSB

SRITE(3.+)X(J) . CPT(J) .CPB(J).DIFF
WRITE(1.805)X(J) . CPT(J).CPB(J) DIFF

FORMAT (4(SX,F10 8))

CONTINUE

CALL QPICTR(PLOT.6.1JX QY(2.3.4.5).QX(1), QLABEL(14)
1.QYLAB(*PRESSURE COEFFICIENT Cp'), QXLAB(’AXIAL LOCATION X°))

BLADE SHAPE TO A FILE FOR USE IR THE MASA DIRECT METHOD

D0 900 1=1,1JK
WRITE(S, *)X(I)
CONTINVE -
DO 901 122.1XX e
J=11Ke1-1 .
SRITE(S. *)X(D)
CONTINVE

DO 902 I=1, 1N
BSURF=F(1)-T(1)
WRITE(S, ) BSURF
CONTINVE

D0 903 122,15
J=1IKe1-1
TSURF=F (J) sT())
TRITE(S, ) TSURF
CONTINUE

Si0P
EXD

FUNCTION FSUM(I, FOLD, T RS. X, WMAX, COR)
REAL FOLD(103).T(101).RS(101).X(101)
COMMON/COMME /S AO, AL, BO BL,PI

REAL LAMDM

SUN=0

DG 100 M=1 NEAX

Xu=y

LAMDY=2 ePleXN/S
DELFO=(FOLD(1)-FOLD(IJK)) sLAMDN
DELF1=(FOLD(1)-FOLD(1)) eLAMDY
TTT=SIN(LAXDY*T(1)) /LAMDY+RS (1) «COS(LAYDMeT(1))
TO=TTTeEXP(-LANDN*X (1)) /LAMDNe*3
T1=TTTeEXP(-LAMDMe (1 -X(1)))/LANDMee3
TERY0zB0+COS (DELFO) +A0sSIN(DELFO)




9 -9
« <115~ S
- TERN1=-B19COS (DELF*) *A1 e SIN(DELF1)
SU¥=SUM+T0sTERY0+T1e TERM1
100 CONTINVE -
FSUN=COR*SUM S
RETURN -
. END
\ c i
- C sesessssssse e
- o "
- SUBROUTINE DERIV(1JK.DX.F,DF) N
.- REAL F(101).DF(101) S.
(. DF(IJK)= Se(-F(IJK-2)+4 sF(1JX-1)-3 sF(I1JK))/DX
DF(1)= Se(3 sF(1)-4 sF(2)*F(3))/DX
o Do 1 1=2.1JK-1 -
) DF(I)= Se(F(I-1)-F(I¢1))/DX
; 1 CONTINVE
RETURN R
£ :
1 c
4 ¢
[ [
. SUBROUTINE XINT(IJX.DX.XINTFO.F. XINTF) -
™ REAL F(301).XINTF(101)
® = SUMEXINTFO - 3
XINTF (1K) =SUy )
i DO 1 1=2.1JK
N J=1IKe1-1 o
- SUY=SUMs Se(F(J)*F(J+1))sDX ]
XINTF(J)=SUM T
- 1 CONTINUE ey
‘ RETURYN
.. m
C ssvsscesenes ssose L 1) (111} -
“4
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C SUBROUTINE EDGE  EDGE FOR

C THIS SUBROUTINE CALCULATE EXACT LE AND TE VALUES

C IN ORDER 10 ACCELERATE CONVERGEMCE IN F(X)

c
SUBROUTINE EDGE(ERR,WMAX.S, TANI.TAN2 DOTH.RIO. VMY
1.COVMX1,DDVMY) FM1 . FO_F1.DFO.DF1 A0 A1, D0, Bl COR)
REAL LAMDM
PI=3 141592654

o Fo=0

DFO=TAN1
1C=0

100 SUNO1=0
SuM11=0
SU¥02=0
SUM22=0
SUX03=0
SU¥33=0
SUX00=0
SUu=0
DO 101 M=1, NMAX
XM=y
LAMDM=2 ePleXM/S
DELF=LAKDMe (FO-F1)
CC=EXP (-LANDM) /LAMDMe®2
SUNSIN=CCoSIN(DELF)
SUNCOS=CCsCOS (DELF)
SUN01=SUNO1+CORsSUMSIN
SU¥11=SUN11+COReSUMCOS
SU¥02=SUM02+COReSUMSIN/LANDY
SUN22=SU22+COR+ SUNCOS/LAKDM
SUX03=S5UNO3+COReSUMSI NeLAMDY

23335UL33 «CORs SUNCOSsLAMDM

SU¥00=SUN00+COR/LANDMe¢3
SUM=SUN+COR/LAMDM

101 CONTINUE
21=R10sDDTH-(1 -DF1ee2)
222=-(2 /RI0) s (SUKO1ss2-SU¥119e2)
22=(~ SeR10+42ZZ)*DDTH
222=( SeR10¢ZZZ)+DDTH
232 (4 /R10)*SUNO1eSUN11¢DDTH
SA1=((2 *DDTHe (SUM11+TAN19SUN01))/RIO-DDVMX1)
SA2=((-2 *DDTHe (SUMO1-TAN1sSUM11))/RI0-DDVMY1)
SA3s21-22
SA4x2 oDF1+2Z3
SA22=21-722
DEN=SA3eSA22+SA4eSA4
A1=(SA19SA22+SA29SA4) /DER
B12(SA2¢SA3-SA1¢SA4) /DEN
A0=2 ¢ (-A1eSUN11-B1eSUMO1-1 )/RI0
B0=2 » (A1eSUMO1-B1eSUNL1-TANL) /RIO0
XNOR::=-BO*SUX00-A1¢SUN02+B1 s SUN22
FTEzF¥1-BO*SUI22+A0*SUN02+B1 +SUNOO-XNORN
DPHIHY=-SUXeB0+SUKI3eB1 -SUMOIeAL
DPHIHX=SUXsAQ-SUNO3*B1-SUK33eA)
RAT102(2 sDPHIHX-SeA0)/(DPHIHXee2- 25sSeSep0)
DFLE=x S5eDPHIHYeRATIO
XNUUTE=VXY1e 75¢B1eR10+BOSUM1] *A0¢SUMOL
DENTE=1 + 7SeAisRI0+BOeSUNO1+AO*SUMLIL
DFTE=XNUXTE/DENTE
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ER1=ABS(FTE-F1)

ER2=ABS(DFTE-DF1)

ER3=ABS(DFLE-DF0)

F1=FTE

DFO=DFLE

DF1=DFTE

IC=ICet

IF(ER1 GT ERR OR ER2 GT ERR OR ER3 GT ERR)GO TO 100
RETURN

END
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. C SUBROUTINE NAME GUESS FOR

L - € THIS SUBROUTINE INITIALIZE BETA AND DELTA
Sl C 70 START THE ITERATION PROCESS OF F(X)
,

¢

1.DDVMX(101) .DOVMY(301) ,X(101) . T(101)

P1=3 141592654
DO 1 1=1.1JK

- xx=x(I)

. TC0S=C0S(2 sP1eXX)

- TSIN=SIN(2 sPIsXX)
DBETA(1)=-DVMX (1) #TCOS

DDELT(I)=0
DDDELT(I)=0
1 CONTINUE
c

RETURN
)

) SUBROUTINE GUESS(IJX.S.X,T.DVMX, DDVMX DBETA DDBETA DDELT, DDDELT)
- REAL DBETA(101) .DDBETA(101) DDELT(101) DDDELT(101).DVMX(101) DVMY(101)

DDBETA(1)=-DOVMX(1)TCOS*2 sPIsDVMX(I)*TSIN
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SUBROUTINE NAME  HOXOB FOR
THIS SUBROUTINE CALCULATES THE HOXJGENEOUS
TERYS PHIHXB AND PHIHYB

0O ao0n

SUBROUTINE HOXOB(NMAX.IJX F T RS, X PHIHXB, PHIHYB.COR)

REAL F(101) X(101) .T(101) RS(101) PHIHXB(101) PHIHYB(101)

COMMON/COMM1/S . AQ0 AL ,BO B P]

REAL LAVDM

DO 200 I=3,1JK

SX=0

SUNY=0

DO 100 M=%, K NMAX

X¥=M

LAMDY=2 ePIeXM/S

DELFO=(F(1)-F(IJK))¢LAMDM

DELF1=(F(I)-F{1))sLAMDN

XSIN=SIN(LAKDMeT (1))

EXPO=EXP (-LAMDMsX (1))

EXP1=EXP(-LAMDN® (1 -X(I)))

SINO=SIN(DELF0)

SINI=SIN(DELF1)

C0S0=COS(DELF0)

€0S1=COS(DELF1)

TO=XSINeEXPO/LANDMee3

T1=XSINeEXP1/LAYDYee3

SUVX=SUMX+TO® (BOsSINO-A0+C0S0) +T1e (B1eSIN1+A14COS1)

SUMY=SUYY+T0s (-BOCOSO-A0SINO) «T1 ¢ (-B1eCOS1 *AL1sSIN1)
100 CONTINVE

PHIHXB(I)=COReSUEX/RS(I)

PHIHYB(I)=COReSUNY/RS(I)
200 CONTINUE

RETURN

END

‘ IR
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¢
C SUBROUTINE NAKE  VEL FOR
C THIS SUBROUTINE COMPUTES THE VELOCITY FIELD
C IN THE CASCADE REGION (REGION 2)
¢
SUBROUTINE VEL(IJK. WMAX.COR X .Y F DF DDF RS RI RJ PHIHXB.PHIHYB
1. VMX, DVMX, DDVEX, VKY DVMY, DDVMY DBETA,DDBETA DDELT DDDELT.VX.VY)
REAL X(101).Y(101) F(101) DF(101) DDF(101) RS(101) RI(101).RI(101)
1. PHIHXB(101) PHIHYB(101) VMX(101) DVMX(101) DDVMX(101). VMY(101)
1.DVNY(101) ,DDVMY(101) ,DBETA(101) ,DDBETA(101) DDELT(101) DDDELT(101)
1.VX(101) . VY(101) . TVX(101), TVY(101) AX(101) BX(101)
1. PHIHX(101), PHIHY(101)
CCYMON/COMM1/S.AO, AL BO B1 PI
[+
CALL HOMO(NYAX.IJK.F. X.Y PHIHX,PHIHY COR)
¢
AX(1JK)=AD
AX(1)=A1
BX(IJX)=BO
BX(1)=B1
DO 200 I=2 IJK-1
DEN=(1 +DF(1)se2)se3
X122 sDF(1)e(1 +DF(1)ss2)
X2=1 -DF(1)ee4
X3=DDF(I)e(1 -3 sDF(1)#22)
X4=DF (1) »DDF(1)#(3 -DF(1)ee2)
DXX=DVMX (1) +DBETA(I)
DDXX=DDVX (1) +DDBETA(I)
DYY=-DVXY(I)+DDELT(I)
DDYY=-DDVNY (1) +DDDELT(1)
AX(I)=(X1eDDYY+X2*DDXX*X3eDYY-X4¢DXX) /DEN
BX(1)=(-X2¢DDYY+X1¢DDXX+X4sDYY+X3sDXX)/DEN
TVX(1)=(DYY-DF(I)eDXX} /(1 +DF(l)ee2}
TVY (1) =(DXX+DF(1)*DYY)/(1 +DF(1)e+2)
200 CONTINUE
¢

DO 100 I=1 1JK

LPHA=Y(I) -F(I)
RSY= SeS-ALPHA

RI1Y=-(S85/12 )+( S¢SeALPHA)-( SeALPHAes2)
CCC=RJ(I)/RS(I)

TERNX=RSYeTVX(I)+ (CCCoRIY) ¢AX (1)
TERXY=RSYeTVY(1)+(CCC+RIY)*BX(1)

VX (1)=VEX (1) «PHIHX (1) -PHIHXB(I) + TERMX
VY(I)=VuY(I)+PHIHY(I)-PHIHYB(1) + TERMY

100 CONTINUE

RETURN
END
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" c

AS C SUBROUTINE NAME  HOXO FOR

S C THIS SUBROUTINE CALCULATES THE HOMOGENEOUS

-~ C TERYS PHIHX AND PHIRY

L ¢
o SUBROUTINE HOYO(NMAX,IJK.F.X.Y, PHIHX.PHINY, COR)
e REAL F(101) X(101),Y(101) PHIHX(101), PHIHY(101)
= COMMON/COMM1/S,A0,A1.B0,B1,PI

| REAL LAMDM

- DO 200 I=1.1JK

v SUMX=0

s SUMY=0

o DD 100 N=1, NYAX

- Xu=y

o LAYDY=2 «PleXu/S
¥ DELFO=(Y(1)-F(1JK)) sLAMDN

) DELF1=(Y{I)-F(1))eLAMDM

o EXPO=EXP (-LAKDM#X (1))

- EXP1=EXP (-LAMDKe (1 -X(I)))
SINO=SIN(DELFO)
SIN1=SIN(DELF1)

C050=C0S (DELFO)

C351=COS (DELF1)
TO=EXPO/LAMDNes2

1 1N

T1=EXP1/LAYDYe#2
SUX=SUMX+TOs (-BO®SINO+AOsCOSO) +T12 (B1eSIN1 +A16COST)
) SWRY=SUMY+TO# (BOSCOSO+AOeSINO) +T1# (B3 0COST-A1eSINE)
: 100 CONTINUE
L - PHIHX (1) =CORsSUYX
.“ PHIHY (1) =COReSUMY
. 200 CONTINUE
. RETURN
] END
-
-
o
]
. L
s o

DRIl

1

.
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C SUBROUTINE NAME  SXOOTH FOR
C THIS SUBROUTINE SMOOTH A GIVEN FUNCTION F(X)
C USING A MODIFIED LEAST-SQUARE SCHEME

c

500

400

200

100

700

600

SUBROUTINE SNOOTH(IJX,IORDER.X.AJ F,SMF)
REAL X(101) .F(101), SUF(301) A1(10,10) 8(10), SMCF(10)

DO 400 J=1, IORDER-%

SUu=0

DO 500 I=t, IJK

SU¥=SUM+ (F(I)-F(1JK))sX(I)seJ
CONTINUE

B(J)=SUM

CONTINUE
B(IORDER)=F (1) -F (1JK)

DO 100 I=1, ICRDER
SUN=0

DO 200 J=1 IORDER
SU¥=SUM+AI(], J)*B(J)
CONTINUE

SHCF (1)=SUM
CONTINUE

DO 600 I=t 1JX
SUN=F(1JKX)

DO 700 J=1, IORDER
SUN=SUM+SKCF (1) s (X(I)=e])
CONTINUE

SYF(1)=SUu

CONTINUE

RETURN
END
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c

s SUBROUTINE WAME  SMAL FOR

€ SUBROUTINE USED TG GENERATE MATRIX [ Al ]
€ USED IN THE LEAST-SQUARE FITTING FILTER

¢
SUBROUTINE SNAI(IJK.IORDER.X.AI)
REAL AI(10,10).B(10) WKAREA(20),.X(101).X4(19)
¢
DO 100 I1=2,2+10RDER
SU=0
Do 200 J=1,1JK
SUL=SUYeX (J) esl
200 CONTINUE
X¥(I-1)=S0M
100 CONTINUE
¢
X=0
{ DO 10 1=1,I0RDER
DO 20 J=1.IORDER
f AL(T, D) =XH(Ke D) 4
20 CONTINUE X
i K=K+3 4
10 CONTINVE -
e DO 300 J=1,I1ORDER B
t_., AICIORDER, J)=1 1
300 CONTINVE
b‘.l ¢
g D1=-1
[‘- CALL LINV3F(AI.B.1,IORDER.10,D1,D2 WKAREA,IER)
: ¢
) RETURN
EXp
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C THIS SUBROUTINE PILTER THE PRESSURE
C COEFFICIENTS .
c .
SUBROUTINE FILTER3I(IJK.X.F FFILT) tT
REAL X(101).F(101) .FT(101),XT{(101) FB(101),XB(101) FFILT(101)
XIJK=1JK-1
PI=3 141592654

1

<

»
DX=1 /X1JK . q
LI=(10K1)/2 .

c
C SUBROUTIME NAME FILTER FOR ;%

NB=0 o
NT=0 e |
1=13-1
100 I=let
IF(1 GT (1JK-1))GO TO 999
IF(F(1+1) GT F(1))C0 T0 100
IF(1 £Q 1)G0 TO 20
NT=NT+1
FT(NT)=F (1)
XT (NT)=X(1)
200 I=1+1
IF(I GT (1JX-1))G0 TO 999
20 IF(F(I+1) LE F(1))GO TO 200
NB=ND.+1
FB(NB)=F (1)
XB (NB) =X(1)
G0 T0 100
999 CONTINUE
FT(NT+1)=F (1 1K)
FB(NB+1)=F(1JK)
XT(RT+1) =X (1K)
XB(NB+1) =X (1 JK)

NP=NT+}
CALL FIT(IJK DX NP .X XT F,FT)
NP=NB+ 1
CALL FIT(IJX DX NP.X.XB F.FB)
D0 700 I=1,1JK
FFILT(1)= Se(FB(I)+FI(I))

700 CONTINUE

4
RETURY
END
c .
C 9600808800000820800080880080000000000080808308080EEEE02000S
¢
SUBROUTINE FIT(IJX DX NP X XTB F FIB)
REAL X(101) XTB(101) F(101) FTB(101) FFIT(101)
1. XFILT(101) FILT1(101) FILT2(101) AAAI(10.10)
[

XNST=XTB(1) /DX

WST=1JK-1IFIX(XNST)

NST1=NST

DO 10 1=2.NP
Xu=(FTB(I)-FTB(I-1))/(XTB(1)-XTB(1-1))
XB=FTB(I) -XMsXTB(I)

XJ=XTB(1) /DX

3321 IK-TIFIX(X])
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DO 20 N=NST.JJ
FFIT(N)=XMsX{N)+XB
20 CONTINUE
NST=JJ
10 CONTINUE

D0 30 I=1 NST!
FTB(I)=F(1)

30 CONTINUE
DO 31 I=NST1+1 1JK
FTB(I)=FFIT(I)

k3 CONTINUE

N=0
DO 100 I=MST1, IJK-2
N=Ne}
XFILT(N) =X(D)
FILT1(N)=FTB(I)

100 CONTINUE
CALL SMAI(N 4 XFILT.AAAD)
CALL SMOOTH(N.4 XFILT AAAI FILT1 FILT2)
N=0
DO 101 I=NST1,1JK-2
N=N+t
FIB(D)=FILT2(R)

101 CONTINVE

DC 200 1=NST1-3 IJX-3

FTB(I)= 3333 (FTB(I1)+FTB(1)+FTB(1-1))
200 CONTINVE

DO 201 I=NST1-3 1JK-S

FTB(I)= 3333¢(FTB(1+2)+FTB(I)+FTB(1-2))
201 CONTINUE

RETURN
END
c
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